REPRESENTATION THEORY OF ^-ALGEBRAS 



TOMOYUKI ARAKAWA 



Abstract. We study the representation theory of the ^'-algebra "W}^ (g) asso- 
ciated with a simple Lie algebra g at level k. We show that the "— " reduction 
functor is exact and sends an irreducible module to zero or an irreducible mod- 
ule at any level fc £ C. Moreover, we show that the character of each irreducible 
highest weight representation of (g) is completely determined by that of the 
corresponding irreducible highest weight representation of affine Lie algebra g 
of g. As a consequence we complete (for the "— " reduction) the proof of the 
conjecture of E. Prenkel, V. Kac and M. Wakimoto on the existence and the 
construction of the modular invariant representations of ^'-algebras. 
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1. Introduction 



This paper is a continuation of the author's earlier work [2] in which we proved 
(completely for the "— " reduction and partially for the "+" reduction) the vanishing 
conjecture of E. Frenkel, V. Kac and M. Wakimoto [27]. 

Let g be a finitc-dimcnsional Complex simple Lie algebra, g = fi_ ® ^ ® fi+ its 
triangular decomposition, g the Kac-Moody affinization of g, k the level of g. Then 
the corresponding W-algebra ^(g) ([59, 17, 50, 16, 51, 21]), which is a Mobius 
conformal vertex algebra, can be constructed by the method of B. Fcigin and E. 
Frenkel [21] (see Section 4). Let hy be the dual Coxeter number of g. It is known 
[21] that for k ^ —h^ the vertex algebra #fe(g) is conformal (or a vertex operator 
algebra) of central charge c{k), where 



while W-h^ (g) coincides with the center of the universal afhne vertex algebra 
y_/jv(g) associated with g at level —h^ (see Section 4.3). Here p is the half sum of 
positive roots of g and is the half sum of positive coroots of g. 

The simplest W-algehva. Wk{s{2) is the Virasoro vertex algebra, whose represen- 
tation theory is well-studied ([31, 22, 35, 23]). However, ^'-algebras associated with 
other simple Lie algebras are not generated by Lie algebras, and hence one cannot 
apply the Lie algebra theory to >^-algebras directly. As a consequence, surprisingly 
little is known about their representation theory (see eg. [9]). 

Let 3f)(#fe(0)) be the Zhu algebra [29, 60] of #^(9) (see Section 3.12). Then, 
by construction [21], 3f)(^(fl)) is isomorphic to the center -Z(g) of the universal 
enveloping algebra U{q) of g (Theorem 4.16.3 (ii)). Therefore, by Zhu's theorem 
[60], irreducible highest weight representations of Wk{Q) are paramctcrizcd"'^ by the 
central characters of -Z(g) = Sii))^ . Let 7^ : Z[q) ^ C be the evaluation at 
the Verma module M(A) of g with highest weight A e Denote by 1(73;), with 
A G —p + W\l}* , be the corresponding irreducible highest weight representation of 
#fc(g). Here W is the Weyl group of g. Then L(7^) is the simple quotient of the 
Verma module M(7^) with highest weight 7-^ (see Section 5). As in the case of Lie 
algebras, one has a simple character formula for M(7;^) (see Proposition 5.6.6). 



To be precise, in the case that the level fc is critical, "irreducible highest weight represen- 
tations" should be replaced by "graded irreducible highest weight representations", see Section 
4.17. 
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One of the aim of this paper is to find the character formula of each irreducible 
highest weight representation ^{j^), that is, to determine the integer rrix^fi in the 
expression chL(7x) = J2fi^Xfi(^^^ilfi)- 

To this end we study the method of quantum reduction [21, 27], in particular the 
"— " reduction functor [27], which is the modified version of the reduction functor 
originally introduced in [21] (the original reduction functor is referred to as the "+" 
reduction functor): Fix the triangular decomposition g = g_ ® f) ©g_|_ of the affine 
Lie algebra g in the standard manner. Then, one has the corresponding Bernstein- 
Gelfand-Gelfand category Ok of g at level k (sec Section 6.1). Let [)^ C f)* be the 
set of weights of level fc, M(X) G Ok the Verma module of g with highest weight 
A e L{X) e Ok the unique simple quotient of M(A). Denote by H*_{M) the 
cohomology with coefficient in M e Ok associated with the quantized Drinfeld- 
Sokolov "— " reduction [21, 27] (see Section 6.5). Then the correspondence 

Ml — > H°_{M) 

defines a functor from Ok to the category of #fc(fl)-modules^. 

Now recall that if A € f}* is admissible [38] then L{X) is called an Kac-Wakimoto 
admissible representation^. Conjecturally, Kac-Wakimoto admissible representa- 
tions exhaust all modular invariant representations of g. In [27], E. Frenkel, V. 
Kac and M. Wakimoto conjectured that, for an admissible weight A G []*. one has 
if!_(L(A)) = with i and (L(A)) is an irreducible #fe(0)-module if A is non- 
degenerate [39]. (They showed that H^{L{\)) is zero if A is a degenerate admissible 
weight*.) The remarkable consequence of this conjecture is that the existence and 
the construction of modular invariant representations of /^-algebras. Namely, one 
can obtain (non-trivial) modular invariant representations of /^-algebras as the im- 
age of non-degenerate Kac-Wakimoto admissible representations of g by the functor 
(?). In the case that g = 5(2, this conjecture is known to be true ([27]), and the 
corresponding modular invariant representations are the minimal series representa- 
tions [5] of the Virasoro (vertex) algebra. 

Of this conjecture the part concerning the vanishing of cohomology is proved in 
[2] . Therefore, it is remains to prove the irreducibility. It turns out that the method 
of quantum reduction produces not only modular invariant representations but also 
all the highest weight irreducible representations of /^-algebras, determining their 
characters. 

Let t)* B X 1-^ X € I)* he the restriction. We refer to A as the classical part of A. 
The weight A € ^* is called anti-dominant if M(A) is irreducible over g. One knows 
that this condition is equivalent to 

(1) (A + p, a^) ^{1,2,...} for each element a of positive roots A+ of g. 



^The action of #^(0) on H'_(M) is slightly changed, sec Section 6.4. 

■^This should not confused with the notion of admissible modules in the theory of vertex 

ras [1], which also appears in this paper. 
*A dominant integral weights of g is a degenerate admissible weight. Therefore, an integrable 
representation of g goes to zero by the functor if° (?) . 
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It is clear that any central character of Z{g) is of the form for some anti- 
dominant X G i)* . Note that if A e i)* an admissible weight then by definition it is 
non-degenerate if and only if its classical part A is anti-dominant^. 

Let £)(L(7j^)) be the restricted dual of L(7)^) in the sense of [26]. Then 

DiUTx)) = L(7-»o(A)) 
as #fe(g)-modulcs, where wq is the longest element of W (Theorem 5.5.4 (i)). 

Main Theorem 1. Let k be an arbitrary complex number. 

(i) (Theorem 7.6.1) For any object M of Ok, the cohomology W_{M) is zero 
unless i = Q. 

(ii) (Theorem 7.6.3) For any A e f)^, there is an isomorphism 

(L(A)) ~ I ^^^^'^^^^ if the classical part A is anti- dominant, 
1 otherwise. 

By Main Theorem 1 (1), which generalizes the result obtained in [2], it follows 
that the correspondence M i—^ (M) defines an exact functor from Ok to the cat- 
egory of #'fe(fl)-modules at any keC. Also, it holds that H°{M{\)) ^ M(7_^^(^)) 
(Theorem 7.5.1). Therefore, if we choose A so that its classical part A is anti- 
dominant, then we have 

chL(7x) = J2[L{X) : M(M)]chM(7^) 

(Theorem 7.7.1). Here [L(A) : M(/z)] G Z is determined by the formula chL(A) = 
^^^[^(A) : M(/i)] chM(/i). This integer [L{X) : M(/z)] is known'' and written in 
terms of Kazhdan-Lusztig polynomials [41, 13, 42, 43, 44]. Therefore the above 
formula gives the character of each irreducible highest weight representation L(7^). 

The above explained conjecture of E. Prenkel, V. Kac and M. Wakimoto [27] 
follows immediately from Main Theorem 1 (Corollary 7.6.4). 

Next we describe our results for the "+" reduction. In [27], E. Frcnkel, V. Kac 
and M. Wakimoto gave the similar conjecture also for the reduction functor. 
The "-h" reduction can be defined more directly using the vertex algebra theory and 
in fact /^-algebras themselves are defined through the reduction (see Section 
4.7 and Section 6.4)). However, as observed in [27], the "-h" reduction is in general 
not as simple as the "— " reduction (in particular if we consider the whole category 
Ok). This is basically duo to the fact that the "+" reduction is not compatible with 
the degree operator D of g, as opposed to the "— " reduction (however see [3] for the 
case that g = sb). Nevertheless, we have the following result: Let H^{V) be the 
cohomology associated to the quantized Drinfeld-Sokolov reduction ([21, 25], 
see Section 6.4). Denote by O^^^ the block of Ok corresponding to a weight A e f)j^. 



But a non-degenerate admissible weight A is by no means "anti-dominant" as a weight of 
affinc Lie algebra g, sec [39, 27]. (Indeed it is "regular dominant" so that the Weyl-Kac type 
character formula holds for L(X) ([37]).) 

^The character formula of L(X) is not known if the level of A is critical. However, since ^—^v (5) 
is a commutative vertex algebra [21], in this case one knows that each I^i-tx) is one-dimensional, 
see Section 4.17. 
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Main Theorem 2. Suppose that A G f)* is non-critical and satisfies the following 
condition: 

(A,a^) 0Z for alia e{-$ + nS-JeA+,l <n<ht0}, 

where ht is the height of 0. 

(i) ([2]) Let M be any object of O^^K Then the cohomology H^{M) is zero 
for all i 0. 

(ii) (Theorem 9.1.4) There is an isomorphism H^{L{\)) = L(7j^_(j._|_,jv-)pv). 

Let fc be a rational number such that there exists a non-degenerated principal 
admissible weight [38] at level k. Then the condition of Main Theorem 2 is satisfied 
for A — kAo and all the minimal series representations of at level k can be 

obtained as the image of the functor H'^(l) (see Remark 9.1.8). This proves the 
conjecture of E. Frenkel, V. Kac and M. Wakimoto for the "+" reduction partially 
(Corollary 9.1.7). 

This paper is organized as follows. In Section 2, we collect some fundamen- 
tal results concerning the quantum reduction for finite-dimensional Lie algebras 
[45, 46, 55]. We remark that the finite-dimensional version of the functor H^(?) is 
identical to Soergel's functor [58] ([4], see Theorem 2.6.1 and Remark 6.5.1). In Sec- 
tion 3, we prepare some general theory about filtration of vertex superalgebras and 
BRST cohomology. In particular the notion of strict filtration of vertex algebras is 
introduced (Section 3.8). The definition of the current algebra [54](=the universal 
enveloping algebra in the sense of I. Frenkel and Y. Zhu [29]) and the Zhu algebra 
of a vertex algebra is also recalled. Some technical notion needed for this is summa- 
rized in Appendix A. In section 4, we recall the definition of y^-algebras and collect 
necessary information about its structure, following [25] . In particular we define an 
important strict filtration of #fe(g) arising from the argument of [25] (Section 4.11). 
We also describe the current algebra and the Zhu algebra of #fe(fl) (Theorems 4.14.1 
4.14.2 and 4.16.3). Theorem 4.16.3 should be compared with Kostant's Theorem 
[45] (Theorem 2.2.1) through Kostant-Sternberg's Theorem [46] (Theorem 2.4.2). 
In Section 5, we define the Verma module M(7^) of #^(0) with highest weight 7^^ 
and its simple quotient L(7^). The duality structure of modules over yf'-algebras 
is also discussed (Theorem 5.5.4). In Section 6, we recall the definition of the cat- 
egory Ok and two reduction functors i?+(?) and i?*(?). We also recall some of 
the structure of the category Ok for the later purpose. Section 7 is the main part 
of this paper: we study the representation theory of 5^-algebras through the "— " 
reduction functor (?). Section 8 is devoted to the proof of Theorem 7.5.3, which 
is the most crucial assertion in the proof of Main Theorem 1. In Section 9 we prove 
Main Theorem 2. 

In view of [14, 36, 40], the >^-algebras #fe(0) considered in this article are the 
y^-algebras associated with principal nilpotent orbits of q. There has been rapidly 
growing interest in >^-algebras associated with other nilpotent orbits (see eg. [57, 
30, 12]) ''. The method developed in the present paper works for general >^-algebras 
as well (cf. [3]). The detail will appear in our forthcoming papers. 



''while the present article was being refereed, the paper [De Sole, A., Kac, V., Finite vs 
affine W-algebras, Japanese J. Math. 1, No. 1, April, 2006, 137-261] appeared, which studies the 
relationship between aiBne /^-algebras and finite /^-algebras in full generality. 
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Notation. Throughout this paper the ground field is the complex number C and 
tensor products and dimensions are always meant to be as vector spaces over C if 

not otherwise stated. 

2. Quantum Reduction for Finite-Dimensional Simple Lie Algebras 

2.1. The Setting. Let be a complex finite dimensional simple Lie algebra, I = 
rankg. Let (•!•) the normalized invariant inner product of g, that is, {■]■) = 
2^ X Killing form where /i^ is the dual Coxctcr number of g. 
For a; € we write for the centralizer of x in g. 

Let e be a principal nilpotent element of g, so that dimg^ = I. One knows that 
g'^ is commutative. By the Jacobson-Morozov theorem, there exists an s[2-triple 
{e,ho,f} associated e, that is. 

[ho,e] = 2e, [ho,f]=-2f, [e, f] = ho. 

Set 

(2) gj := {x G g; [ho, x] = 2jx} for j e Z. 
This gives a triangular decomposition g = tl_ ® ^ © fi+, where 

(3) ^ = 00, i^+ = 00i, n- = 00j. 

j>0 j<0 

We often identify the Cartan subalgcbra ^ with its dual t)* using the form (•!•). 
Let b_ = fi- (Bi). Then there is an exact sequence 

(4) ^ 0-^ b_ ^ fl_ — ^ 0. 

Let A be the set of roots of g. We have the decomposition A = |Jjgz where 
Aj = {a e A; (a, ho) = 2j}. The set 

(5) n := Ai 

is a basis of A, A+ := Uj>oAj is the set of positive roots and A+ := Uj<oAj is 
the set of negative roots. Let Q be the roots lattice, P the weight lattice, the 
coroot lattice, the coweight lattice. We write W for the Weyl groups of g and 
Wo for the longest element of W. 

Let p be the half sum of positive roots, the half sum of positive coroots. For 
a G A+, the number {a,p^) is called the height of a and denote by hta. We have 

(6) ho = 2p^, 

and so A^ = {a e A+; ht a = j} for j > 0. 
Fix an anti-Lie algebra involution 

(7) 9 X ^ X* e 
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such that e' = /,/* = e and = h for all /i G f). Choose root vectors {Jo} such 
that J* = J_a and (Ja, J-a) = 1. Let { J^; i e /}, where 

(8) / = {1,2,. ..,/}, 

be a basis of \). Then the set {Ja\a € / U A} forms a basis of g. Let d^^^ be 
the structure constant with respect to this basis: [Ja,Jb\ = Ylid'^ab'^'i- have 

Ca,/3 = -cIa,-/3 for a,/3,7 e A+. 

Let (ii, ^2, • • • , be the exponents of g. There exists a basis {P,; i e /} of fl-^ 
such that that is, 

(9) Pi e Q-di, or equivalently, = -djPj. 
By (4) for a G A+ there exists an element /_„ e b_ such that 

(10) [/,/_J = J_„. 
The set {Pi, I-ct'ii S /, a € A+j form a basis of b_. 

2.2. Kostant's Theorems. Define an element x+ G tI^ by 

(11) x+{x) = {f\x) forxen+. 

Then x+ is a character of n+, that is, x+([S+,n+]) = 0. The character x+ is 
non-degenerate in the sense of [45]: x+{Ja) for all a GiL. Set 

X+ = -x+- 

Then x+ also defines a non-degenerate character of n+. Let keTX+ — ker(x^ : 
U{n+) ^ C) and set 

(12) C^-^=U{n+)/kcTx*+- 

This defines a one-dimensional representation of n+. 
Let M be a g-module. Define 

(13) Wh(M) := {m G M;xm = x+{x)m for all x G n+}, 

(14) WhS''"(M) := {m e M; (kerx;)''m = for r > 0}. 

Then Wh(M) C WhS''"(M) and Wh'^™(M) is a fl-submodule of M. An element of 
Wh(M) is called a Whittaker vector. 

Let i?*(n+,M) be the Lie algebra cohomology of tT+ with coefBcient in a n+- 
module M. By definition we have 

(15) Wh(M) = H°{n+, M(g)C^J, 

where tl+ acts on V^C^_^ by the tensor product action. 
Define a g-module Y by 

(16) y:=Umuin^)Cr^. 

Then Y = Wh^''"(Y). By the Probenius reciprocity, we have an isomorphism 

Wh(M) ^ HomB(Y, M) for any fl-module M. 

In particular Wh(Y) = Endg(Y). We consider Wh(Y) as a C-algebra through the 
identification 

(17) Wh(Y) = Endj,(Y)°P. 

Let Z{q) be the center of the universal enveloping algebra U{q) of g. The fol- 
lowing theorem is well-known. 
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Theorem 2.2.1 (B. Kostant [45]). The correspondence 

Z{q) Wh(Y) = FO(n+,Y®C;^J 

z I — > z^l 

gives an algebra isomorphism. 

Let C be the Serre full subcategory of the category of g-modules consisting of 

objects M such that M = WhS™(M). 

Theorem 2.2.2 (B. Kostant [45], sec also [57, Appendix by S. Skryabin]). 
(i) Let M be any object ofC. Then if*(tt+, F(8)C^+) = for all i ^ 0. 
(ii) The functor M i— > Wh(M) gives an equivalence of the category C and the 
category of left Z{Q)-modules. The inverse functor is given by the functor 

Let C be the full subcategory of C consisting of objects V satisfying (1) M is 
finitely generated over U{g), and (2) M is locally finite over Z{q). Let F\nZ{Q) 
be the category of finitc-dimcnsional Z(0)-niodules. Then, Y(g)2(g)£^ S C for E S 
FinZ(g). Therefore, by Theorem 2.2.2, wc have an equivalence of categories 

(18) C^FinZ(0). 

2.3. Superspaces and Superalgebras. A superspace is a Z2-graded vector space 
V = Vq®Vi. Wc set p{v) = j if i; G Vj. The p{v) is called the parity of v. We use 
the convention that if we write p{v) then the vector v is assume to be homogeneous. 
A vector v is called even iip{v) = 0, and odd if p{v) = 1. Also, in this paper we write 
yeven £qj. y_ yodd f^j. Y_ ^ supcrsubspacc W oiV ]s & Z2-graded subspace of 

V: W = 1F°™" ® |^''odd_ |,|/ovcn = n ycvcn^ "[^/odd y°dd^ 

A superalgebra is a Z2-graded algebra A — A°'^^. For a,b £ A we set 

[a,b] = a6- (-l)P(")P('')6a. 

Any superalgebra can be viewed as a Lie superalgebra with respect to this bracket. 

The tensor product A(^B of two superalgebras A and B is considered as a su- 
peralgebra by p(o(8)l) = p{a), p{l(^b) = p{b), 

(ai®6i) • (02^62) = {-ir'-'"^P^'''\aia2Mbib2). 

If no confusion can arise we often omit the tensor symbol for elements, e.g. we 
write ab for a^b. 

2.4. The BRST Construction of the Center Z{g). The form (1) of g restricts 
to a non-degenerate symmetric bilinear form on fi_ ® fi+ . Let CI be the associated 
Clifford algebra. The CI may be defined as the superalgebra with 

odd generators: tpa with a G A, 

relations: [ipa,ijjfj] = (^a+zs.o with a,/3 G A. 

Here V'a is regarded as the element of Cl corresponding to the root vector Jq G 0. 
The algebra Cl contains the Grassmann algebra A(n±) of tl± as its subalgebra: 

(19) A(n±) = (^„;ae A±) CCL 
Also, there is an isomorphism of linear spaces 

Cl ^ A(n+)(g)A(tl_). 
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The space A(n+) and A(n_) can be considered as C?-modules through the identifi- 
cation 

A(tl+) = Cl/{Cl ■ n_), A(n_) = Cl/{Cl ■ n+). 

These are irreducible CZ-modulcs. 
Define a superalgebra C{q) by 

(20) C(s) := Ui^Cl, 

where U{q) is considered as a purely even superalgebra. Let Q+ G C{q) be an odd 
element defined by 

(21) Q+ = Q'l+x+, 

(22) where Q!* := ^ Jc,V-a - ^ c2;_^V-a^-/3V'7- 
Here the character x € is considered as an element of CI, that is, 

X+ = X] X+(^)V'-a- 

The following assertion can be checked by a direct calculation. 
Proposition 2.4.1. We have 

[Q%Qt] = [x+, X+] = [Q%X+] = in (7(0). 
In particular, ((3+)^ = 0, x+ = o^nd Q\ = 0. 
By Proposition 2.4.1 we have 

(23) (adQ+)2 = in End (7(0), 
where ad(3+(c) = [(5+,c]. This follows from the relation 

(24) [Q+, c]] = [[Q+, Q+], c] - c]] for c e (7(0). 
Let 

(25) degT/^Q = —1, degV'-Q = 1 for a e A_|_ and degu = for u e U{q). 
Then this defines a Z-grading of C{q): 

(26) (7(0) = 0C"(0), (7-(fl)-C"(0)c(7'"+"(0). 

We have deg(5+ = 1. Thus, by (23), ((7(0), ad (5+) is a cochain complex. The 
corresponding cohomology is denoted by H*{C{q)): 

(27) H'm))=^H\Cm. 

The space H'{C{q)) inherits the Z-graded superalgebra structure from (7(0). 

Theorem 2.4.2 (B. Kostant and S. Sternberg [46]). 

(i) The cohomology H^{C{g)) is zero for all i ^0. 

(ii) The correspondence 

Z{-Q) ^ i?°((7(0)) 
Z I— > z^l 

gives an algebra isomorphism. 
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Proof. We identify A(n_) with A(n;5-) ('I') ^^'^ set ^/j* = tp-a e A(n!j_) for 
a e A+. For convenience we put C = C{g) = U{g)(^Cl, C" = Then 

(28) Z U{0)^A\nl)^A^{n+). 

i-j=n 

The following assertion can be checked by a direct calculation. 
Claim 1. We have 

(29) adQ+ = d+ + d- 
on C, where d± G End (7(0) is defined by 

d+{u<^UJi<^UJ2) = ^ {(ad Ja(u))0Va'^l<2''^2 + W(S)'^i'aWi(g)ad Ja(W2)} 

(30) 1 

~2 ^ c2;_^u®VaV'|(adV'7('^i))®'^2, 

(-l)'rf-(u(S)Wi0W2) = ^ u(Jq, + x(-'^a))<H)'^l® ad V'a(W2) 

(31) 1 ^ 

~2 c2;_^u0a;iO^7ad^/'^(ad^/';(w2)) 

for u e [/(fl), wi e AHn+), W2 e A(n+). 
Note that 

J+(t/(0)®AXn;)(»A^'(tt+)) c C/(fl)(»A*+i(Tt;)(^A^(n+), 
^^^^ J_(C/(fl)(8A*(n;)(^A^(n+)) c C/(0)(»A*(n;)oA^-i(fi+). 

Thus we have 

(33) Sl = ^_ = [d+,d-] = 0. 
Define 

(34) PPC := Z7(fl)0A'(n;)0A*(n+) C C. 

i>p 

Then 

(35) C = F"C D F^C D • • • D Fdimn+ + 1(5 ^ 

(36) d+FPC C Ff+^C, J-i^^'C C FPC. 

Hence there is a corresponding converging spectral sequence Ej. =^ H*{C). By 
definition and (31), we have 

EP,q ^ HP+''{FPC/FP+'^C,eidQ) = i?«([/(0)(»AP(tt;)®A*(n+), d_). 

The formula (31) shows that the cochain complex {C,d-) is identical to the 
Chevalley complex for calculating the n+-homology H, (n+, (U'(0)0Cj^_^) 0A(n!]_)) 

(equipped with the opposite homological gradation). Here (t/(g)(g)Cj^) (g)A(fi^) 
is regarded as a right [/(ti+)-module on which C/(n+) acts only on the first factor 
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Obviously the right n+-module U{q) is free over n+, and thus, so is U{q)(^C^^. 
Therefore 



^ I ((f^(0)®C^+) / (t^(fl)®C^+) n+) ®AP(n;) for 9 = 0, 
1 for 9 ^ 

(37) ; . X 

^ 1 (c/(0)®c/(n+)Cx; j ®AP(n;) for g = 0, 
\o for 9^0. 

Next we calculate the term E2. Prom (16), (30) and (37) it follows that 
EP,i = |i?^(n+, Y^C^J for q = 0, 



for 9 ^ 0. 



But then by Theorem 2.2.2 (i) we have E'j'' = unless {p,q) = (0,0) and our 

spectral sequence collapses at E2 = E^o- This proves (i). Because the term E^^^ 
lies entirely in E2' the corresponding filtration of H'^{C{q)) is trivial: H°{C'{q)) = 
Wh(Y). Thus Theorem 2.2.1 proves (ii). □ 

Let 

(38) ClB a^a* & Cl 

be the anti-superalgebra automorphism defined by tpa — i'-a for a € A. This 
induces the anti-superalgebra automorphism 

(39) C(g) 3c^c'e (7(0) 

defined by (M(g)a)* = u*(g)a* for u G U{q) and a e CI. 
Set 



(40) Ql' := {Qff = J2 -I E cl(}i'-ai>-isi>^, 

aeA_ a,/3,7eA_ 

(41) X- := ix+Y = E X-{Ja)i^-c., 

qGA_ 

(42) Q_ :=(0+)*=gi' + X-. 

The element X- can be considered as a character of n_ such that 

(43) X-(^) = (e|Ja)forae A_. 

It is clear that (QL')^ = (x_)2 = = 0, (adQ_)2 = and adQ_ • C'{q) C 
C''~^{q). Thus ((7(5), (5_) is a chain complex. Put 

H,{Cm := H.{Ci3),Q_). 

The anti-automorphism (39) induces an isomorphism H^{C{g)) = H-i{C{Q)) for 
all i G Z. Therefore by Theorem 2.4.2 we have Hi{C{Q)) = for ah « ^ and the 
following algebra isomorphism: 

(44) m) ^ Hoicm 
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2.5. Whittaker Functor. Let 0{g) be the Bernstein-Gelfand-Gelfand category 
[6] of 0, that is, a full subcategory of the category of left fl-modules consisting of 
objects M such that the following hold: 

• M is finitely generated over g; 

• i) acts semisimply on M; 

• fi+ acts locally nilpotently on M. 

LetM(A) e be the Verma module offl with highest weight AG i)*,L{X) G 0{g) 
its unique simple quotient. Then every simple object of 0{q) is isomorphic to 
exactly one of the L{X) with A G Every object of 0{q) has finite length. It is 
known that M(A) = L{X) if and only if A is anti- dominant, that is, 

(45) (A + p, a"^) ^ {1, 2, 3, ... } for aU a G A+. 

Let 0^{q) be the full subcategory of 0{q) consisting of objects M that admit a 
Vervfia flag, that is, a finite filtration M = Mq d Mi d • • • D Mr = such that each 
successive subquoticnt Mi/Mi^i is isomorphic to some Verma module M(Aj) with 
Ai G ^*._Let_P(A) be the projective cover of Z(A). It is known that P(X) G 0^{q) 
for any A G f)*. 

For a 0-module M set 

(46) C{M) := M(g)A(n_). 

The space C{M) can be viewed naturally as a module over the superalgebra C{q) = 
U{q)®CI. Let Ci{M) = M®A*(tt_), so that C'(M) = 0j>o ^(-M"). Then, 

Q_-a(M) ca-i(M). 

One sees that the chain complex {C{M), Q-) is identically the Chevalley complex 
for the Lie algebra homology H,{n^, M(g)C^_ ). Put 

(47) H,{M) := H,{n-,M®C^_) = H,{C{M),Q^). 

Note that the center Z{q) — Ho{U{g)®Cl,&dQ-) acts on Hi{M) naturally: 
[c] • [m] = [c • m] for c G U{q)®CI, v G C\{M) such that [Q+, c] = Q+m = 0. 
By definition we have 

(48) HoiM) = M/{keTx*-)M. 
Here, X- = -X- and kerxl = ker(xl : C^(n-) C). 

Lemma 2.5.1. Let M be any object of 0^{g). 

(i) The homology Hi{M) is zero for all i > 0. 

(ii) The space M/{keix*-Y^ finite- dimensional for all r G Z>i. In partic- 
ular Ho{M) is finite- dimensional. 

Proof, (i) Since an object M of 0^{g) is free of finite rank over [/(n_), we have 

(49) M(g)C^_ = M as ti_-modules. 

Hence, Hi{M) ^ Hi{n-,M). This gives Hi{M) = for i > because M is free 
over ri- . (ii) By (49) we have 

(50) M/{keiX-YM^M/{n-YM. 

Hence the assertion follows. □ 
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Lemma 2.5.2. Let M be any object of 0{g). Then the space M/(kerxl)''M is 
finite- dimensional for all r G Z>i. In particular Ho{M) is finite-dimensional. 

Proof. The assertion follows from Lemma 2.5.1 because 0{q) has enough projec- 
tives. □ 

Let the full dual space of M: 

:= Homc(M,C). 

We regard as a g-module on which q acts by {xf){v) = f{x^v) for / € M^, v e 
M . Then by definition wc have 

(51) Wh(M^) = Homc(M/(kerxl)M,C) = Homc(i?o(M), C). 

Hence, by Lemma 2.5.2, Wh(M^) is finite-dimensional for any object M of 0{q). 

Remark 2.5.3. By Theorem 2.2.2 (ii) we have WhS™(M^) = y®z{s) Wh(M'') and 
Whs<^"(MV) belongs to C. 

Theorem 2.5.4 (B. Kostant [45]). The cofunctor 

0(3) ^ FinZ(0) 
M ^ Wh(M^) 

is exact. 

Theorem 2.5.5. The functor 

Ois) ^ F\nZ{Q) 
M ^ Ho{M) 

is exact. 

Proof Let M e 0{g). By Lemma 2.5.2 and (51), Ho{M) = Homc(Wh(MV),C). 
Hence by Theorem 2.5.4 and Lemma 2.5.2, Hq{?) is exact because it is the compo- 
sition of two exact functors M i-> Wh(M^) and M ^ Homc(M, C). □ 

Theorem 2.5.6. Let M be any object of 0{g). Then the homology Hi{M) is zero 
for all i ^0. 

Proof. We prove the assertion by induction on i > 1. Because the category 0{g) 
has enough projectives, there exists a projective object P G 0{q) and an exact 

sequence 

(52) 0->iV^P^M^O 

in 0{q). Consider the corresponding long exact sequence 
>Hi{P) ^ H,{M) H,_^{N) ^ ■ ■ ■ 

(53) >Hi{P) ^ Hi{M) ^ HoiN) ^ Ho{P) ^ HoiM) ^ 0. 

By Lemma 2.5.1, we have 

(54) Hi{P) = for i > 

because P is an object of 0^{q). Hence, from Theorem 2.5.5 it follows that 

Hi{M) = 0. Let i > 2. Then from (53) and (54) wc see that the vanishing of 
Hi-i{N) for any object N of 0{q) implies the vanishing of Hi{M). This completes 
the proof. □ 
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Let 

(55) 7 : m ^ S{^f 

be the Harish-Chandra isomorphism with respect to the triangular decomposition 
= n_ e ^ ® n+. For A e \}* let 

(56) := (evaluation at A + p) o 7 : Z(g) C. 

Then 7^ is the infinitesimal character of M(A), that is, zm = ^^{z)m for z e Z{q) 
and m e M(A). We have 

(57) 7a=7«)oa iov&WweW. 
Here, 

(58) w) o A = u)(A + p) — p. 
Let 

(59) C^, :=Z(0)/ker7x. 

Theorem 2.5.7 ([55, Corollary 3.4.6, Theorem 3.4.7]). Let A e T/iere are the 

following isomorphisms of Z(g) -modules: 

(i) i/o(M(A))^C^,; 

C-y^ «/A is anti- dominant, 
otherwise; 
(iii) 5o(M(A)*)-^C^,. 



(ii) i?o(i(A)) 



Proof, (i) The assertion follows from the fact that (A)(g)C^_ = Ai"(A) as n_- 
modules. (See the proof of Lemma 2.5.1 (i).) (ii) Suppose that A is anti-dominant. 
Then L(X) = M(A), and hence the assertion follows from the first assertion. Next 
suppose that A is not anti-dominant. Then there exist exact sequences 

^ M{fi) M(A) ^ M(A)/M(/i) ^ 
and M{X)/M{fi)^ L{X) ^0 

with some p, G W o X. By applying the exact functor Hoi'^) we get the exact 
sequences 

^ Ho{M{fi)) ^ HoiMiX)) ^ Ho{M{X)/M{p)) ^ 
and Ho{M{X)/M{p)) ^ Ho{L{X)) ^0. 

But Ha{M{ij)) = Ho{M(X)) by the first assertion. Therefore, Hq{M{X) / M{ji)) = 
0, and hence, Ho{L{X)) = 0. (iii) Let Ko{0{q)) and Ko{F\nZ{Q)) denote the 
Grothendieck groups of 0{q) and F\r\Z{g), respectively. Then, by Theorem 2.5.5, 
HqC^) defines a well-defined map from ^^0(0(5)) to Ko{f\nZ{g)). Because [M(A)*] = 
[M(A)] in Ko{0{s)), we have [Ho{M{X)*)] = [Ho{M{X))] = [C^,] in i^o(FinZ(0)). 
Because C-y^ is simple, this completes the proof. □ 



By Theorem 2.5.7, we see in particular that any simple object of FinZ(g) is 
isomorphic to Ho{L{X)) for some anti-dominant weight A. 
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2.6. Identification with Soergel's Functor. For A G f)*, let W{X) := (sa; (A + 
p, a^) e Z) c W. It is known that W{X) is a Coxeter group and it is called the 

integral Weyl group of A G I}*. Let ©(g)'^' be the block of 0{q) corresponding to 
A, that is, is the Serre full subcategory of 0{q) whose objects have all their 

local composition factors isomorphic to L{w o A) with w G W(X). Then we have 

A is anti-dominant 

Let A be anti-dominant. For an object M of ©(g)!'''!, we regard Homg(P(A), M) 
as a Z(fl)-module by {zf){v) = zf{v) for z e Z{q), f e Homg(P(A), M) and v <E M. 
Then, both Honig(P(A), ?) and Hq{7) define functors from 0{q)^^^ toF\nZ{Q). They 
are both exact functors. Indeed, Homg(P(A), ?) is exact because P(X) is projective 
and Ho{7) is exact by Theorem 2.5.5. 

The functor Homg(P(A),?) : ©(fl)!^] ^ FmZ{Q) was studied by W. Soergel 
[58]. By a result of E. Backelin [4] it follows that the functor Ho{?) coincides 
the Soergel's functor IIomg(_P(A), ?). Indeed one can describe the corresponding 
natural transformation in the following manner: 

Let vx e P(X) be any inverse image of the highest weight vector of Z(A) by the 
canonical homomorphism P(A) L(X). Define a natural transformation 

(60) $:Homg(P(A),?)^^o(?) 

by 

$m: HomB(P(A),M) ^ Ho{M) = M / {ker X-) 
^ ^ f - [f{vx)] 

with M e ObjO{Q)^^h (It is clear that $m is a homomorphism of .E(fl)-module.) 

Theorem 2.6.1 (E. Backelin [4]). For each anti- dominant A e $ defines a 
natural isomorphism Homg(P(A),?) = HoC^) of functors from 0{q)^^^ to F\r\Z{Q). 

Proof. We have to show that 4>m is isomorphism for each object M of O(0)[^l. 
We prove this by induction on the length 1{M) of the composition series of M. 
Let ;(M)_= 1, that is, M = L{p,) for some jl G WiX) o A. If /i ^ A, then both 
Homg(P(A), L{p,)) and Ho{L{p,)) are zero (see Theorem 2.5.7). On the other hand, 
if /2 = A, then the map is clearly an isomorphism by Theorem 2.5.7. Next let 

1{M) > 1. Then we have an exact sequence ^ Mi ^ M ^ M2 ^ in 0(fl)[^l 
such that l{Mi),l{M2) < 1{M). This induces a commutative diagram 

Homg(P(A),Mi) Homg(P(A),M) Homg(P(A), M2) 



I'M! 



3>M 



'M2 



^ Ho{Mi) i?o(M) ^ So{M2) 0. 

The upper row is obviously exact and the lower row is exact by Theorem 2.5.5. 
Hence we are done by the induction hypothesis and the five-lemma. □ 

3. Filtration of Vertex (Super)Algebras and BRST Cohomology 
3.1. Some Notation. Let V be any superspace. We set 
(62) L{V) :=V(^C[t,t-^]. 
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This is considered as a superspacc such that L(y)'=™'^ = L(l/°™") and L(y)°dd = 
L{V°'^'^). For any subring R of C[t, we consider V^R as a supersubspace of 
L{V). 

The symmetric algebra S{V) of a superspace V is the superalgebra 

(63) SiV) = 5(y°™")®A(F°^'i), 

where 5'(y™'^) is the (usual) symmetric algebra of U and A{V°^'^) is the Grassmann 
algebra of V'^'^. 

A filtration F = {FpV;p S Z} of a superspace F is a Z2-graded filtration of 
the vector space V: FpV = {FpVy^"'' ®{FpV)°'^'^, where {FpVf^'''' = FpVnV'""', 
{FpV)"'^^ = FpV n 

A filtration F of F is called exhaustive ifV = [JpFpV and separated if Dp -^p^ = 

0. 

For an increasing filtration {FpV} of a superspace V, we set gr^ V = 0^ gr^ V, 
where gr^ V = FpV/Fp-iV. For any filtration F we write C7p for the symbol map 

FpV^gT^V = FpV/Fp^,. 

Below up until the end of Section 3 we treat superspaces, supersubspaces, Lie 
superalgebras, vertex superalgebras etc., unless otherwise stated. However for con- 
vention we shall often drop the prefix "super" . 

3.2. Vertex Algebras, (see [33, 25].) Let V be a vertex algebra, 

(64) Y{v, z) = J2 Vin)Z-''-' e (End V)[[^, z-']] 

the field associated with t; S V, |0) the vacuum so that y(|0),^) = idy, T the 
translation operator: 

(65) [T, Y{v, z)] = Y{Tv, z) = -^Y{v, z) 'iv € V. 

dz 

We have 

(66) [■U(m),V(n)] = H ( T ) ("W^)(™+"-»)' 

i>0 ^ ^ 

i>0 ^ ^ 

for M, w G V. The sum in the right hand side of (66) is finite because the axiom of 
vertex algebras requires that = for sufficiently large n. The relations (67) 

is called the Borchards identity. 

A subspacc J7 of V is said to strongly generate V if V is spanned by the vectors 

of ,...af JO) 

(-ni) (-rar)l ' 

with a^" G U, r > 0, js G J, ris > 1. 

An even element H of End V is called a Hamiltonian if H acts semisimply on H 
satisfying 

(68) [H,Y{v,z)]=Y{Hv,z) + zY{Tv,z) Vt; e V. 
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If 1" e V is an eigenvector of H then its eigenvalue A is called the conformal weight 
of V and denoted by At, . We use the convention that when we write A^, the vector 

V is assumed to be an eigenvector of H. By (68) one has 

(69) A,o) - 0, 

(70) A„(^)^ = A„ + A^ - n - 1. 
Set 

(71) Y-A = {v eY;H -v = Av}, 

so that V = 0Aec V-a- The V is called Z-graded (by H) if V_a = unless A € Z; 

V is called Z>o-graded if V_a = unless A e Z>o. 

Let V be a Z-graded vertex algebra, H the Hamiltonian. We say that V is 
compatibly Z^Q-gradahle if V admits a Hamiltonian H' which gives a Z>o-grading 
of V and satisfies [H, H'] = 0. 

The vertex algebra V is called commutative if [u(m),W(n)] — for all u^v G V, 
■m,n ^ Z. It is well-known that V is commutative if and only if U(^m)U = for all 
u,w e V, m > 0. 

3.3. Mobius conformal Vertex Algebras and Conformal Vertex Algebreis. 

Let V be a Z-graded vertex algebra, H the Hamiltonian. Suppose there exists an 
even operator T* on V satisfying the following: 

(72) {T*,H]=T*, 

(73) [T*,Y{v,z)]^Y{T*v,z) + 2zY{Hv,z) + z^Y{Tv,z) Vw e V. 

Then V is called a Mobious conformal vertex algebra [33, Section 4.9]. In this case 
the triplet {T*,H,T} forms the Lie algebra £[2 (C) in EndV: 

[H, T*] =-T*, [T*,T] = 2H, [H, T] = T. 

A vector which is annihilated by T* is called a quasi-primary vector. 

A conformal vector of V is an even vector w e V such that the corresponding 
field Y{uj,z) = X^mgz ^(^)-^~"'~^ following properties: 

(i) [L{m), L{n)] = {m — ri)L{rn + n) + -^"^ Sm+n,oCv idy for m,nGZ, where 
cy G C {the central charge); 

(ii) r = L(-l); 

(iii) the action of L{0) is semisimple and a Hamiltonian (i.e. satisfies (68) j 
In this case V has the Mobious conformal vertex algebra structure with T* = L(l) 
and H ~ L{0). A vertex algebra with a conformal vector is called conformal (or 

vertex operator algebra). 

3.4. Filtration of Vertex Algebras. A vertex algebra V is called filtered if there 
exists an increasing filtration F = {FpY} of V as a superspace which is compatible 
with the vertex algebra structure in the following sense: 

(74) |0) G FoV\F_iV, 

(75) T-FpYc FpW; 

(76) u(„) • FqY C Fp+qY for aU p, g G Z, w G FpY and n G Z . 

Also, unless otherwise stated, we require a filtration of a vertex algebra V to be 
separated and exhaustive. 
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A filtration of a Z-graded vertex algebra V is a filtration of V which is com- 
patible with the action of the Hamiltonian: H ■ Fp¥ C FpW. 

If (V, F) is a filtered vertex algebra (resp. a filtered Z-graded vertex algebra) 
then gr^ V is naturally a vertex algebra (resp. a Z-graded vertex algebra), see e.g. 
[49]. The vertex algebra gr^V is called the graded vertex algebra associated with 
the filtered vertex algebra V. 

A filtered vertex (super)algebra (V, F) is called quasi-commutative if gr-^V is 
commutative. If (V, F) is quasi-commutative then gr-*^ V is naturally a vertex Pois- 
son algebra ([49, Proposition 4.2]). However we do not use this fact in this article. 

3.5. Standard Filtration. 

Theorem 3.5.1 ([49]). Let Y be a vertex algebra, which is Z-graded by H, and 
compatibly 'L>Q-gradable by H' . Take a strongly generating H , H' -invariant sub- 
space U ofY. Let {a^'.j € J} be a basis ofU, Aj = A^, . Let GpY, with p € Z, be 
the subspace oJY spanned by all the vectors 

(-m) (-n2) (-nr)' I 

with r >0, js & J, ns > 1 satisfying the relation 

+ Aj, + • • • + A,„ < p. 

Here by convention |0) e GoV\G--\Y . Then 

(i) G = {GpV} gives a filtration of the Z-graded vertex algebra Y; 

(ii) (V, G) is quasi-commutative; 

(iii) G is the finest filtration ofY such that V-a C GaV for all A. In particular 
the filtration G is independent of the choice of a strongly generating H , H'- 
invariant subspace U ofY. 

Remark 3.5.2. In [49] it was assume that V is Z>o-graded and Vq = C|0). However 
it is easy to see that Theorem 3.5.1 follows from the the assertion in the case that V 
is Z>o-graded. Also, in the case that V is Z>o-graded, it is not difficult to remove 
the condition that Vq = C|0) . 

The filtration G given in Theorem 3.5.1 is called the standard filtration of a 
Z-graded, compatibly Z>o-gradable vertex algebra V. 

3.6. PBW Basis of Vertex Algebras. Let V be a vertex algebra, F a filtration 
of V such that (V, F) is quasi-commutative. Let U he a subspace of V such that 
the its image U in gr-^ V strongly generates gr^ V. Then U strongly generates V. 
We have the following surjective linear map 

5(C70C[i-i]i-i) gr^V 
^''> {a^^t-^^)...{a^^t-^^) ^ ai_„^)...a[_„^)|0) 

with a' G U, ai> 1. 

Wc say that a subspace U C Y generates a PBW basis of V if there exists a 
filtration F of V such that (V, F) is quasi-commutative and the map (77) is a linear 
isomorphism; In this case we say that V admits a PBW basis. 
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3.7. Vacuum Subalgebras. For a vertex algebra V, let 

(78) YacW:={veY]T-v = 0}. 

Then |0) e VacV. The Vac V is a vertex subalgebra of V and called the vacuum, 
suhalgehra ofW ([33, Remark 4.4b]). 

Suppose that V is filtered, F its filtration. Then F induces a filtration of Vac V: 
Fp VacV = VacV fl FpY. There is a natural embedding of vertex algebras 

(79) gr^ Vac V ^ Vac(gr^ V) 

which is given by the correspondence crp{v) i— > ap{v) with v G Fp VacV. 

Proposition 3.7.1. Let Y be a vertex algebra that admits a PBW basis. Then 

VacV = 



Proof. By assumption there exist a subspace U oiY and a filtration F of V such 
that gr^V commutative and the map (77) is a linear isomorphism. By (79) it is 
sufficient to show that Vac(gr^ V) = C|0). 

By assumption gr^ V is isomorphic to the space of the following form: 

R = C[x^^\yj eJ-o,n> l]®A{y^fi^y,j GJi,n> 1), 

where A{y^^''}^y,j <E Ji,n > 1) is the Grassmann algebra with generators ?y(l^„-), 
j G Jf, n > 1. Under this identification T acts as the following even derivation: 

Define the even derivations [H, ?] , [T* ,7] on R by the following: 

Here by convention = = for all This gives the well-defined action 

of 5(2(0) on R. Therefore by [33, Proposition 4.9(a)] we have Vac(gr^ V) = {v G 
R;H ■v = 0} = C\0}. □ 

Remark 3.7.2. In general if V is a Z>o-graded Moious conformal vertex algebra 
then VacV C Vq, see [33, Proposition 4.9]. 

3.8. Strict Filtration. Let V be a filtered vertex algebra, F its filtration. Then 

TFpY C FpY n TV. We call F strict if 

(80) FpY n TV = TFpY for all p. 
Lemma 3.8.1. 

(i) The filtration F is strict if and only if the natural embedding gr^ VacV ^ 

Vac(gr^V) is an isomorphism of vertex algebras. 

(ii) //Vac(gr^ V) = CjO), then VacV = CjO) and F is strict. 

Proof (i) Let Vac(gr^ V) = Vac(gr^ V) n gr^ V = G FpY; Tv G V} /Fp_iY. 
Then 

Vac(gr^ V)/ gr^ VacV = {v e FpY; Tv G Fp_tY} / {Fp_iY + Fp VacV). 
One sees that the correspondence v Tv induces an isomorphism 

(81) Vac(gr^ V)/ gr^ Vac(F) ^ {Fp_,Y n TFpY)/TFp_,Y. 



REPRESENTATION THEORY OF ^i^'-ALGEBRAS 



21 



But as easily seen F is strict if and only if Fp-iN fl TFpY — TFp-iY for all p. 
Therefore the assertion follows, (ii) The first assertion is obvious. The second 
assertion follows from (i). □ 

Proposition 3.8.2. Let Y be a vertex algebra, F its filtration. Suppose that gi^Y 

admits a PBW basis. Then Vac V — C|0) and F is strict. 

Proof. By assumption and Proposition 3.7.1, Vac(gr^ V) =C|0). Therefore Lemma 
3.8.1 (ii) gives the assertion. □ 

Proposition 3.8.3. Let Y be a "Z-graded, compatibly Zyo-gradable vertex algebra 
that admits a PBW basis. Then the standard filtration G is strict. 

Proof. Under the assumption of Proposition, gr*^ V admits a PBW basis. Thus the 
assertion follows from Proposition 3.8.2. □ 

3.9. Lie Algebras Attached to Vertex Algebras. Let V be a vertex algebra. 

Define 

(82) £(V) :=L(V)/Im5_i 
(see (62)), where 

(83) a_i := TOid + id^-^- 

at 

Then -C(V) has the Lie algebra structure [8], whose the commutation relation is 
given by 

(84) [ 

}] j ^Hr)'"){m+n-r}-, 

r>0 ^ ^ 

where V{n} denotes the image of v®t'^ with G V and n G Z in £(V). By (66) the 
correspondence V{^n} ^ vt^n) defines a representation of £(V) on V. 
Define the adjoint action ad T of T on ii(V) by the following. 

(85) adT • V{n} = [T, v^^}] := (Tw){„} = -nv[„_iy. 

If V is graded by a Hamiltonian iJ, then there is a adjoint action ad if of the 
Hamiltonian H on £(V) in view of (68): 

(86) adiJ = [H,u{ri}] ■= (-H"w){n} + (Tu){„+i}. 

This gives a Z-grading of £(¥): £(¥) = ©.^^^(V),, [£(¥)„£(¥),,] C m)a+dn 
where 

(87) £,{W)^ = {ue adH ■u = -du}. 
Set 

(88) := W{„+A,-i}- 

Then a.dH ■ Vn = —nVn and £(V)^ is spanned by Vd with homogeneous vectors 
V gY. One has 

(89) [Um, Vn] = ( ^" j {U^r)v)m+n- 

r>0 ^ ^ 
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Next suppose that V is Mobius conformal. Then we also have the following 
adjoint action of T* on £(¥): 

(90) adT* • V{^} = [T*,V{„}\ := {T*v)^r.y + 2{Hv){^+r} + {Tv){n+2}. 

Thus s[2(C) = span{T*, H, T} acts on £(V) by even derivation. 

The same proof of [52, Proposition 4.1.1] applies for the following assertion be- 
cause only the Mobius conformal structure of V is used in the argument (cf. [26, 
Section 2.8]). 

Proposition 3.9.1 ([52, Proposition 4.1.1], cf. [26, Section 5]). Let Y he a "L- graded 
Mobius conformal vertex algebra on which T* acts locally nilpotently. Set 



0{Vn) 



^/^(-l)^^'(e^^;)_„ tf p{v) ^ 1 



for V € Y, n € Zi. Then 9 defines a well-defined anti-Lie algebra isomorphism of 
£(V) such that e'^{v) = (-l)^^?;. 

If V is purely even then 6 is an anti-Lie algebra involution of £{Y). 

3.10. Filtration of -C(V). Let V be a filtered vertex algebra, F its filtration. Define 
an increasing filtration on L{Y) by 

FpL{Y) = L{FpY) 

(notation (62)). This gives the quotient filtration {Fpii(V)} of the Lie algebra fi(V). 

Proposition 3.10.1. Let Y be a filtered vertex algebra, F = {FpY} its filtration. 
Then there is a natural surjective Lie algebra homomorphism £(gr^ V) gr^ ^C^) 
given by the correspondence 

(91) {(^p{v)){n} ^ (^p{v{n}) forpGZ,veY,nGZ. 
Moreover if F is strict then this is an isomorphism. 

Proof By definition £(gr^V) = 0pgz -CCgi'p V), where 

£(gr^ V) = gr^ L(V)/a_i(gr; L(V)) = FpL(V)/ (^p-iL(V) + a_i^pL(V)) . 
On the other hand 

gr^ £(¥) = Fpm/Fp_,&{Y) = FpL{Y)/ {Fp_^L{Y) + 9_iL(V) n FpL{Y)) . 

Clearly d-iFpL{Y) C d-iL{Y) n FpL{Y). Thus (91) is well-defined and surjective. 

It is straightforward to sec that it is a Lie algebra homomorphism. 

Next assume that F is strict. It is sufficient to show that the opposite corre- 
spondence 

(92) cTp («{„}) (cTp (?;)){„} for p e Z, u e V, n e Z. 
is well-defined. For this we need to show that 

(93) d-iL{Y) n FpL{Y) C d-iFpL{Y). 
Let w e d-iL{Y) D FpL{Y). Then w has the form 



vu 
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with Vi € V, /i € C[t, t^^]- We have to show that each Vi belongs to FpY. We may 
assume that {fi} are hnearly independent homogeneous elements of C[t,f~"'^], and 
deg/i > deg/i+i for all i. Because /i has the largest degree, it follows that Tvi 
must belong to FpY. Therefore vi must belong to FpY since F is strict. Repeating 
this argument, we get Vi G FpY for alH. □ 

3.11. Current Algebras of Vertex Algebras and V-Modules. Let V be a Z- 

graded vertex algebra, H its Hamiltonian. Following [54] , we associate with V the 
current algebra ii(Y) , which is essentially the universal enveloping algebra of V in 
the sense of I. Frenkel and Y. Zhu [29]: Let U(V) be the quotient of the universal 
enveloping algebra U{£,{Y)) of £(¥) by the two-sided ideal generated by (|0))o — 1. 
The action adH naturally extends to U(V). Let U(V)d = {w G U(V); adH ■u = 
—du}. This makes U(V) a graded algebra: 

U(V) = U(V)d, U(V)d • V{Y)d' C V{Y)d+d'. 

Denote by U(V) = ©^^gz U(V)(j the standard degreewise completion (sec Section 
A. 2) of U(V). The U(V) is equipped with the left linear topology defined by the 
decreasing sequence of the left ideals 

^^(U(V)) = ker ( U(V) ^ U(V)/(0 ^ U(V)d_,U(V),) J 

with N >Q. Let B(V) = 0dezB(V)d be the ideal of U(V) corresponding to the 
Borchards identity, i.e. the Z-graded two-sided ideal generated by 

(94) 

{Hm)V){n} - E (T) {-^y{Hm-i}Hn+i} ' (-l)^(")^(''H-l)'"^{m+„-i}«{i}) 

with w, i> e V, m,n e Z. Let B(V) = ®(i^i^'Q^)d be the degreewise closure (see 
Section A.2) of B(V) in U(V). Now one can define the current algebra lt(V) of V 
is as 

(95) il(V) := U(V)/B(V). 
By definition the it(V) is graded by adH: 

il(V) = 0il(V)d, il(V)d = {w € il(V); adH-u = -du}. 

The il(V) is equipped with the left linear topology induced by that of U(V). Its 
topology is defined by the decreasing sequence of left ideals ^7v(ii(V)), where 
j?jv(il(V)) is the image of J^jv(U(V)) in it(V). The space =/jv(il(V)) coincides 
with the degreewise closure of il(V) • X]r>Af^W'- il(V). 

The il(V) is a compatible degreewise complete algebra [54]: Each iX(V)ci is com- 
plete with respect to the relative topology: 

(96) il(V)d = limniv(V)d, where ^N{Y)d := n(V)d/^iv(il(V))d, 

N 

and the multiplication map il(V)d x il{Y)d' ii{Y)d+d' is continuous, see [54] for 
details. Here J^Ar(ii(V))d = {u € J^jv(ii(V)); adif • u = -du}. We set iliv(V) = 
®dez^N{Y)d. 
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The image of w„, with v gY, n £ Z,hy the natural map -C(V) ii(V) is denoted 
also by Vn, and so is its image in iljv(V). 

Proposition 3.11.1 ([54, Proposition 6.4.1]). The image o/£(V) mil(V) is dense, 
that is, the natural map 2{Y) 9 w„ i— > e itjv(V) is surjective for all N >0. 

Set 

(97) ii(v)>o:=0il(V)rf, il(V)>o :=0il(V)d. 

These are subalgebras of it(V). 

Suppose that V is Mobius conformal. Then, by [28, Section 5], the anti-Lie 
algebra isomorphism 6 : £(V) 'C(V) induces a anti-algebra isomorphism 9 : 
it(V) ^ il(V) such that 6'(il(V)d) = il(V)_d. 



3.12. V-Modules and Zhu Algebras. Let V be a Z-graded vertex algebra, H its 
Hamiltonian. A Y -module is by definition a il(V)-module. A graded Y -module is a 
it(V)-module M which carries a C-grading M = ©^^c such that 1I(V)„ • Md C 
Md+n for all n, d. Let V-grMod be the category of graded V-modulcs: the objects of 
V-grMod are graded V-modules and the morphisms of V-grMod are all the graded 
it(V)-module homomorphisms. Here a il(V)-module homomorphism (j) : M ^ N is 
called graded if for each d G C there exists d' G C satisfying ^{Md+n) C Nd'+n for 
all n e Z. 

An admissible Y -module [1] is a graded V-module such that Md+n = for n 
with a fixed d. If M is a admissible V-modulc then the action il(V) x M — > M 
is continuous with respect to the topology on il(V) and the discrete topology on 
M. Let V-adMod be the full subcategory of the category of graded V-modules 
consisting of admissible V-modules. If V is Z>o-graded then V belongs to V-adMod 
when considered as a V-module. 

Let V be a Z-graded vertex algebra. With it one associated the Zhu Algebra 
3f)(V) [60] of V, which is the unital associative algebra in the usual sense. As 
remarked in [29] one may define 3f)(V) as 

(98) 3f)(V) = ito(V)o(= {a e ito(V); adif • a = 0}), 

or equivalently. 



(99) 3f)(V) = il(V)o/^il(V)_,il(V), 

r>0 

(see [52, Theorem A. 2. 11] for the proof of the equivalence with the usual definition). 

For a graded V-module M, let M^op be the sum of nonzero homogeneous subspace 
Md with Md+n = for all n > 0. Then Mtop is naturally a module over 3f)(V). If 
M is a simple object of V-adMod then Mtop = Md for some d. 

Theorem 3.12.1 (Zhu [60]). Let Y be a Z>o-graded vertex algebra. The corre- 
spondence M i-^- Mtop gives a bijection between equivalence classes of simple objects 
o/ V-adMod and the equivalence classes of irreducible representations o/3^(V). 
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3.13. Filtration of il(V). Let V be a Z-graded vertex algebra, F its filtration. 
Then F induces a filtration {i^pU(V)} of U(V): 

P1+P2H VPr <P 

The following assertion follows from Proposition 3.10.1. 

Lemma 3.13.1. There is a natural surjective homomorphism U(gr^ V) — > gr^ U(V) 
of graded algebra, given by the correspondence 

^ (Tpi + ...+p,(ui^^ <J 

with e V, rij e Z. This is an isomorphism if F is strict. 

Let FpU(V) be the degreewise closure of the image of FpU(V) in U(V). This 
gives a filtration of U(V). Let {Fpii{Y)} be the quotient filtration: Fpil(V) = 
Fpij{Y)/FpB{Y), where FpB(V) = B(V)nFpU(V). The union Up-Fpii(V) is dense 
in it(V). Let {Fpiljv(V)} with AT > be the quotient filtration of iliv(V). This is 
an exhaustive filtration. 

Remark 3.13.2. If F^iY — then {FplIjv(V)} is obviously separated. Let V be a 
Z-graded, compatibly Z>o-gradable vertex algebra, G the standard filtration. Then 
from Proposition 3.11.1 one sees that the filtration {GpilAr(V)} is separated. 

The following assertion follows from Proposition 3.10.1. 

Theorem 3.13.3. Let Y be a l^-graded vertex algebra, F its filtration. Then there 
is a natural surjective linear map !ilN{gv^ Y) gr-'^itjv(V) given by the correspon- 
dence 

with t;' e V, n, e Z for each N. Moreover if the filtration F is strict then this is 
an isomorphism. 

Let gr^it(V) denote the degreewise completion of gr^il(V). Then the surjection 
in Theorem 3.13.3 extends to the surjective homomorphism il(gr^ V) — » gi: il(V) 
of compatible degreewise complete algebras, which is an isomorphism if F is strict. 

Let Fp3f)(V) = 3f)(V) n FpiioiY). This gives the filtration 3t}(V). The following 
assertion is obvious from Theorem 3.13.3 and the definition (98). 

Theorem 3.13.4. Let Y be a "Z-graded vertex algebra, F its filtration. Then there 
is a natural surjective algebra homomorphism 5^(gi"^ V) — » gr^3l^(V) given by the 
correspondence 

i(^Piiv^))o (o-p,K))0 ^ <7pi + ...+p^(w^ WS) 

with e V. Moreover if the filtration F is strict then this is an isomorphism. 

3.14. The PBW Theorem for Current Algebras and Zhu Algebras. Let V 

be a Z-graded vertex algebra, H its Hamiltonian, F its filtration such that (V, F) 
is quasi-commutative. Take a if-invariant subspace [/ of V such that its image U 
in gr^ U strongly generates gr^ V. 
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We define the adjoint action on L{U) (notation 3.9) by &(lH-u®t"- — {Hu)®t" — 
{n + l)u®t"'. This action extends naturaUy to the symmetric algebra S{L{U)): 

S{L{U)) = 05(L(C7))d, S{L{U))d = {a e S{L{U))-adH- a = -da}. 

Let S{U) denote the standard degreewise completion of S{L{U)): 

(100) S(f7) =limSAr([7), 

N 

(101) where Sn{U) = S{L{U))/ [0 ^ S{L{U))d-rS{L{U))r\ • 

The space Sn{U) can be identified with the subalgebra of S{L{U)) spanned by 
the elements of the form 

(102) ap,{u^)^e'+^«'-^ CTp,(u'')«)r'-+^"'-i 

with Pi G Z, u'^ G U, rii G Z satisfying 

(103) ni + --- + nr<N. 

Theorem 3.14.1. LetY, F, U, U be as above. Then the map 

Sn{U) ^ gr^ilw(V) 

is surjective for each N > 0. Further, if U generates a PBW basis o/gr^ V then 
this is an isomorphism. 

Proof. First, the map 

Sn{U) ^ iijv(gr^V) 

is surjective, and bijcctivc if U generates a PBW basis of gr^ V. To show this, the 
proof of [25, Lemma 4.3.2] applies. (In fact the proof is easier because gr^V is 
supercommutative.) Second, if U generates a PBW basis of gr^ V then F is strict 
by Proposition 3.8.2. Therefore the assertion follows from Theorem 3.13.3. □ 

The map in Theorem 3.14.1 extends to the surjective homomorphism S(f7) — > 
gr^il(V) of compatible degreewise complete algebra, which is an isomorphism if F 
is strict. 

If V is compatibly Z>o-gradable then one can take the standard filtration as the 

filtration in Theorem 3.14.1. 

The following immediately follows from Theorem 3.14.1. 

Theorem 3.14.2. LetY, F, U, U be as above. Then the map 

S{U) ^ gr^3f)(V) 
c^Pi(w^) o-p.K) ^ ap,+...+p^{ul Mg) 

is a surjective algebra homomorphism. Further, if U generates a PBW basis then 
this is an isomorphism. 
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3.15. BRST Construction of Vertex Algebras. Let V = ^^g^ be a a vertex 
algebra with an additional Z-gradation, which is shown by the upper index: • 

c for w e V*, n e Z, V* = ®Aez'^-A^ ^hcrc V^a = n V_a- 
Suppose there exists an odd operator Q G End(V) satisfying the following: 

(104) = 0, 

(105) Q-TcT+\ Q|0) = 0, [Q,T] = 0, 

(106) [Q, Y{v, z)] = Y{Qv, z), e V. 

Then (V, Q) is a cochain complex. Let 

H'iY) := H'{W,Q) = ^H\Y,Q). 

From (106) it follows that the action of the field Y{[v],z) with [v] € H*{Y) is 
well-defined on H'^V). Therefore H'(Y) is a vertex algebra and iJ°(V) is a vertex 
subalgebra of H'{Y). We call (V, Q) a weak BRST complex of vertex algebras, and 
Q the corresponding BRST operator. If Q is compatible with a Hamiltonian H of 

V, that is, if 

(107) [Q,H]=0, 

then H*{Y) is graded by the Hamiltonian H. In this case (V, Q) is called weak 
BRST complex of Z-graded vertex algebras. Further, if V is Mobius conformal and 
the BRST operator Q commutes also with T* then H'{V) is also Mobius conformal. 

A BRST complex of vertex algebras is a weak BRST complex (V, Q) of vertex 
algebras such that Q coincides with the residue A(q) of the filed Y{A, z) associated 
with some odd element A e V^. In this case the conditions (105) and (106) are 
automatically satisfied. 

3.16. Filtration of Vertex Algebras and Spectral Sequences. Let (V, Q) be 
a weak BRST complex of vertex algebras. Let F be a filtration of V such that 

(108) F_iV = and Q ■ FpY C FpY for all p. 

Then the action of Q on gr^ V is well-defined and (gr-'^ V, Q) is a weak BRST 
complex of vertex algebras. Also, F induces a filtration of H'{V): 

(109) FpH'{Y) = Im : {H'{FpY) H%Y)). 

This is an increasing, separated, exhaustive filtration compatible with the vertex 
algebra structure of H*{Y). Further, there is a natural vertex algebra homomor- 
phism 

(110) gr^ H'{Y) if*(gr^ V) 

given by the correspondence crp([u]) i— > [(Tp(w)]. 

An increasing filtration {i^pV} can be transformed into a decreasing filtration by 
setting F^Y = F^pY. Thus we have the following. 

Proposition 3.16.1. Let Y, Q, F be as above. Then there exists a converging 
spectral sequence E^''' H* (V) such that 

EP,, = /7P+9(gr^^ V), = gr^p fff+«(V). 
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If W{gi^ V) = for alii ^ then the spectral sequence collapses at Ei — Eoo, and 
consequently H^{Y) = for i ^ 0, and the natural map gr^ H^(V) — > H°{gT^ V) is 
an isomorphism of vertex algebras. 

3.17. BRST Cohomology of Attached Lie Algebras. Let (V, Q) be a weak 
BRST complex of vertex algebras. The action of Q on V induces the adjoint action 
adQ on £(V): 

ad Q ■ V{n} = iQv){n} for u e V, n e Z. 

We have (adQ)^ = and (£(V),ad(5) can be viewed as a cochain complex. The 
cohomology if* (£(¥)) = 0j£z H\£,{Y)) is naturally a Lie algebra. If V is graded 
by H and Q is compatible with H then H'{£,{Y)) is Z-graded by adH. 
There is a natural Lie algebra homomorphism 

(111) ^{H'{Y)) ^ H*{&{Y)) 

given by the correspondence [«]{„} i— > [f{„}] with w G V, n € Z. Here denotes 
the image of in £,{H'{Yj), where [v] is the cohomology class of a cocycle 

V gY, and [w{„}] denotes the cohomology class of a cocycle v^^} S 2,{Y). (We shall 
use similar convention throughout the paper) . 

Theorem 3.17.1. Suppose that VacV = C|0), Vacif*(V) = C|0), H^{Y) ^ 
and W{Y) = for all i ^ 0. Then if*(£(V)) = for i ^ the natural map 
£{H^{Y)) — > H^{£{Y)) is an isomorphism of Lie algebras. 

The following assertion is easily seen. 

Lemma 3.17.2. Let Y be a vertex algebra such that VacV = C|0). Then ker(9_i : 
L(V)^L(V)) = C(|0)®1). 

Proof of Theorem 3.17.1. First, considering L{y) as a cochain complex with the 
differential Q® id, we have 



(112) H\L{Y)) 



L{H°{Y)) fori = 
^0 for i ^ 0. 

Second, consider the long exact sequence associated with the short exact se- 
quence of cochain complexes 

^ C(|0)(g)l) ^ L(V) ^ L(V)/C(|0)®1) ^ 0. 

Then by (112) we obtain the exact sequences 

(113) 0^ H'{L{Y)/C{\0)(E)1))^ W+\C{\0)(E)1))^0 fori 7^ -1,0, 
^ ir-i(L(V)/C(|0)®l)) ^ i?°(C(|0)Ol)) L{H°{Y)) 

(114) ^ i70(L(V)/C(|0)(8)l)) ^ 0. 
We obviously have that 7J'(C(0)(g)l)) = for i 7^ and 

(115) i?°(C(0)®l)) = C(|0)®1). 

By (115) it follows that the middle map ff°(C(|0)«)l)) ^ L{H"{Y)) in (114) is 
injective. Therefore (113) and (114) give 

('L(fl'0(V))/C(|0)(g)l) for i = 
I for i ^ 0. 



(116) H\L{Y)/C{\0)(g)l)) 
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Third, by assumption and Lemma 3.17.2, we have the following exact sequences: 

(117) 0^L(V)/C(|0)®1) L{Y) £(V) ^ 0, 

(118) ^ L(F°(V))/C(|0)cgl) L{H"{V)) ^ £(if"(V)) ^ 0. 

The (117) is an exact sequence of cochain complexes. Thus we have the correspond- 
ing long exact sequence. This together with (112), (116) gives H^{£(¥)) = for 
i ^ 0, — 1 and the exact sequence 

^ ^-^(^(V)) ^ L(i/°(V))/C(iO)01) ^ L{H°{Y)) ^ H°{£{Y)) ^ 0. 

However the middle map L(F°(V))/C(|0)$?:1) L{H^{Y)) is the derivation d-i. 
Therefore by (118) this is exact. Hence H-^{2{Y)) is zero and that £(ff°(V)) is 
isomorphic to {£{¥)). This completes the proof. □ 

3.18. BRST Cohomology of Current Algebras. Let {Y,Q) be a weak ERST 

complex of Z- graded vertex algebras. The action of adQ extends to a degree- 
preserving derivation of il(V) such that (adQ)^ =0 because Q is odd (cf. (24)). 
Thus each (iljv(V), adQ) is a cochain complex, which is Z-graded by ad if: 

if(iljv(V))d = {[v] e ii*(ilAr(V));ad7I • [v] = -d[v]}. 
This makes a projective system {iJ*(il7v(V))(i} of linear spaces for each d. Set 

(119) iJ*(il(V)) =0if(il(V))d, where if*(il(V))d = limir*(iljv(V))d. 

There is a natural linear map 

(120) iljv(if(V)) ^ F*(iliv(V)) 
for each A'' given by the correspondence 

Let F a filtration of V which is compatible with H such that F_iV — and 
Q ■ FpY C FpY for all p. Then the corresponding filtration {i^pil^(V)} satisfies 

(121) F_iiljv(V) =0, adQ • FpilAr(V) C i^pilAr(V). 
Thus we have the following. 

Proposition 3.18.1. LetY, Q, F be as above. There exists a converging spectral 
sequence £f'' H*{U.n{Y)) such that 

EP,i = iff+9(gr^pil^r(V)), EPJ = gr^^ HP+i{iij,{Y)). 

If H^{gT^ U.n{Y)) = for alii ^ then the spectral sequence collapses at Ei = Eoo, 
and consequently ii'(itjv(V)) = for i ^ 0, and the natural map 

gr^i?°(ilA,(V)) ^ il"(gr^iljv(V)) 

given by the correspondence a-p{[a]) i-^ [cp(<7)] is a linear isomorphism. 

Proposition 3.18.2. Let Y, Q. F be as above. Assume that 

• the filtration FofYis strict; 

• the filtration of H' (V) induced by F is also strict; 
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• the natural map gr^ H*(V) H'{gT^Y) is a,n isomorphism of vertex 
algebras; 

• the natural map gr-*^ iJ*(iljv(V)) i?*(gr^iljv(V)) is an linear isomor- 
phism; 

• the natural map iljv(-ff*(gr^ V)) — > il*(iljv(gr^ V)) is a linear isomor- 
phism. 

Then the natural map Un{H* (W)) H' (U^ (Y)) is also a linear isomorphism. 

Proof. The filtration {FpH*{Y)} of iJ'(V) induces a filtration {Fpiliv(i?*(V))} of 
it]v(i?*(V)). The natural map ilAf(i?'(V)) iJ*(ilAr(V)) preserves the filtration. 
Therefore it is sufficient to show that the induced homomorphism gr-'^ iljv(-ff*(V)) — > 
gr^ if*(iljv(V)) is an isomorphism. 
We have 

(122) gr^iir,{H'{Y))^iiN{gr^H'{Y))^iiN{H'{gr^Y)), 

(123) gr^ if*(iljv(V)) S H*(gr^iljv(V)) ^ ff*(il;v(gr^ V)) 

by assumption and Thereon 3.13.3. By chasing the isomorphisms one finds that it 
is enough to show that iljv(-ff*(gr^ V)) ^ iJ*(iljv(gr^ V)). But this is contained in 

the assumption. □ 

3.19. Our Favorite Cases. 

Theorem 3.19.1. Let (V, Q) be a weak BRST complex ofZ-graded vertex algebras, 
H the Hamiltonian. Assume that there exists an H-invariant subspace U and a 
filtration F ofY ( compatible with H ) satisfying the following: 

(a) F_iV = 0; 

(b) (V, F) is quasi-commutative; 

(c) Q ■ FpV C FpV for all p; 

(d) The image U of U in gi^Y is preserved by the action of Q. Further, 
W{U) = Ofori^O; 

(e) U generates a PBW basis of the commutative vertex algebra gr^ V, so that 
U generates a PBW basis o/V. 

Then we have the following: 

(i) W{Y) = and H\gv^ Y) = Q for i ^ 0. 

(ii) F induces a strict filtration {FpH^iy)} of the Z-graded vertex algebra 
i?°(V) such that (_ff°(V),F) is quasi- commutative. 

(iii) The natural map gr^ff°(V) iJ°(gr^V) is an isomorphism of vertex 
algebras. 

(iv) The natural m.ap H^{U) H^{gr^Y) is infective and its image generates 
a PBW basis o/if°(gr^V) = gr^ffO(V). 

(v) For each N, iJ'(iljv(V)) = with i ^ 0. 

(vi) For each N, the natural map gr-^ iJO(itjv(V)) iJ°(itjv(gr^ V)) is an 
isomorphism. 

(vii) For each N, the natural map iXjv(-ff°(V)) — > iI°(iXjv(V)) is an isomor- 
phism. 

Proof. First, we calculate H*{gT^Y). By assumption, there is the isomorphism 

(124) S{mC[t-^]t-^)^gT^Y 
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given by (77). Consider J7(g)C[< ^ as a cochain complex with the differential 
QOl. Extend the action of Q to an odd derivation of 5(f7(g)C[i-^]t-^). Then (124) 
is a cochain map. Because 

(125, irp«cr.r., = {f(»)«'^['-i'- 

by assumption, it follows that 

^ S{H°{U)(g)C[t-^]t-^) (i = 0), 



(126) H'igi^ V) = W{S{U(^C[t-^]t-^)) = 



{t ^ 0), 



see [40, Lemma 3.2]. Applying Proposition 3.16.1, the assertion (126) for i ^ 
proves (i) and (iii), while the assertion (126) for i = proves (iv). We have also 
proved (ii) because the only non-trivial assertion is the strictness of the filtration 
and this follows from (iv) and Proposition 3.8.2. 

The assertions (v), (vi) and (vii) remain to be proved. For this we compute the 
cohomology i?*(gr^iljv(V)). By Theorem 3.14.1 and (ii), we have 

(127) iJ*(gr^ilAr(V)) = H'{Sn{U)). 

Here, L{U) is considered as a complex with the differential Q(^l, and its action is 
extended to Sn{U) as an odd derivation. By definition, we have the exact sequence 
of cochain maps 

(128) ^ S{L{U)) S{L{U)r) S{L{U)) Sjv(f7) ^ 0. 

r>A'' 

But the differential is degree-preserving, therefore by identifying §jv(t^) with the 
subalgebra of S{L{U)) as in Section 3.14, Sn{U) can be identified with a subcom- 
plex of S{L{U)). Namely, the exact sequence (128) splits; 

(129) H%SiL{U))) = H'iSiLiU)) ^ S{LiU)r)) ® J?*(§jv(t/)). 

r>N 

On the other hand we have 

jS{L{H°{U))) fori = 0, 

[0 for 17^0. 

in the same manner as (126). Together with (129), this gives 

(131) F^(S.(^)) 

^ ' ^ ^ [O forj^O. 

Thus we can apply Proposition 3.18.1 (ii) to obtain i?*(iljv(V)) = for i ^ and 

the isomorphism 

(132) gr^7J"(il^(V)) ^ i/"(gr^iljv(V)) ^ i?°(iljv(gr^ V)) ^ §^(i?°(C/)). 

Here the second isomorphism follows from (ii) and Theorem 3.13.3 and the last 

isomorphism follows from (131) (iv) and Theorem 3.14.1. We have proved (v) and 
(vi). Finally, because H"{U) generates a PEW basis of i7"(gr^ V), 

ilAr(ffO(gr^V))-§Ar(if"(C7)), 

by Theorem 3.14.1. This, together with (132), implies that the natural map 
U.N{H^{gT^ Y)) — > if'^(iljv(gr^ V)) is an isomorphism. Therefore we conclude that 



(130) H'{SiL{U))) 



32 



TOMOYUKI ARAKAWA 



all the conditions in Proposition 3.18.2 are satisfied. Hence (vii) is proved. This 
completes the proof. □ 

If the assumption of Theorem 3.19.1 is satisfied then the isomorphism in (viii) 
extends to the isomorphism 

(133) il(i?°(V)) ^ 7?°(il(V)). 

In particular, i7"(il(V)) has the compatible dcgrccwise complete algebra structure. 

Theorem 3.19.2. Let (V, Q) be a weak BRST complex of Z>o- graded vertex al- 
gebra, H the Hamiltonian. Assume that there exists an H-invariant subspace U 
satisfying the following: 

(a) U generates a PBW basis o/V; 

(b) Q ■ U <Z U , so that U is a subcomplex ofV. Further, H^{U) = for i ^ 0. 
Let G be the standard filtration ofY. Then we have the following: 

(i) H'(¥) = and W{gT^ Y) = for i ^ 0. 

(ii) The filtration {GpH°{Y)} induced by G is the standard filtration ofH^{Y). 

(iii) The natural map 

gr^H°{Y) iJ°(gr<=V) 

is an isomorphism of vertex algebras. 

(iv) The natural map H'^{U) i?°(V) is infective and its image generates a 
PBW basis ofH"{Y). 

(v) For each N, iJ'(itAr(V)) = with i ^ 0. 

(vi) For each N, the natural map gr*^ if°(iljv(V)) ^ H° {Hn {gv^ Y)) is an 
linear isomorphism. 

(vii) For each N, the natural map ilAr(if°(V)) iI°(itjv(V)) is a linear iso- 
morphism. 

Proof If wc take G as the filtration F in Theorem 3.19.1 then ([/, G) satisfies the 
conditions (a)-(e) in Theorem 3.19.1. Indeed, because Q ■ U C U, it follows that 
Q ■ GpY C GpY, from the definition of the standard filtration (see Theorem 3.5.1). 
So we only need to show that the condition (d) is satisfied, that is, 

(134) H'{U)^ H*{U). 

Because U generate a PBW basis of V, ita„ (w) 7^ for a nonzero element of u e J7. 
Because Aq,^ = A„, this implies that (ta„(Qu) ~ means Qu = 0. Similarly, if 
o'A„(w) = QcTA^iu') = i^A^iQu') for u, u' G U, then u = Qu' . Thus (134) is proved. 
Therefore all the assertions except for (ii) follow directly from Theorem 3.19.1. But 
(ii) also, follows from (iii), (iv) and the definition of the standard filtration. □ 

4. /^-Algebras 

Throughout this paper, k represents a complex number (= the level of the affinc 
Lie algebra q associated with g). There is no restriction on k unless otherwise 
stated. 
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4.1. Affine Lie Algebras, (see [32] for details) We freely use the notation of 
Section 2. Let g be the (non-twisted) affine Lie algebra associated with (g,( , )). 
This is the Lie algebra given by 

g = g(S)C[t, r^] ®CK®CT> 

with the commutation relations 

[X(m),r(n)] = [X,Y]im + n) + m6ra+nAX,Y)K, 

[D, X{m)] = mX{m), [K, g] = 
for X,Y G Q, m,n G Z. Here 

(135) X{n) = for X eg, ne Z. 

The subalgcbra gJgC C g is naturally identified with g. The invariant symmetric 
bilinear form ( | ) is extended from g to g as follows: 

(X(m)|y(n)) = {X,Y)S^+nfi, (D|/f) = 1, 

(X(m)|D) = {X{m)\K) = (D|D) = {K\K) = 0. 

Fix the triangular decomposition g = g_®f)®g+ in the standard way. That is, 

I) = i)®CK®CD, 

g_ = n_(g)C[t"^] ® ^0C[i"^]t"^ ® n+(g)C[i"^]t"\ 
g+ = n_(g)C[i]t® ^(g)C[i]ten+(g)C[i]. 

Let 

(136) f)* = ^*eCAoeC(5 

be the dual of [). Here, Aq and S arc dual elements of K and D, respectively. For 
A G f)*, the number {X,K) is called the level of A. Let ()* denote the set of the 
weights of level k: 

(137) t,l:={Xet,*;{X,K)=k}. 

Let A be the restriction of A e f)* to 1)*. We refer to A as the classical part of A. 

Let A be the set of roots of g, A+ the set of positive roots, A_ = — A+. Then, 
A = A'''' U A™, where A''*' is the set of real roots and A™ is the set of imaginary 
roots. Let H be the standard basis of A■•^ A^ = A-^^n A±, A'^ = A™n A±. Then 

A;^ = {a + nd; a G A+, n > 0} U {-a + n6;aG A+, n > 1}. 

Let Q be the root lattice, Q+ = J2aeA+ ^>oQ! C Q. We define a partial ordering 
/X < A on [)* by A - y(i € (5+. 

Let W C G'L(I)*) be the Weyl group of g generated by the reflections Sa with 
a e A"-% where s„(A) = A - (A, a^)a for A e f)*. We have W = W xQ"^. Let W 
be the extended Weyl group of g: W = W t< P^. We write for the element of 
W corresponding to G P^: 

t^{X) = A + (A, K)ii - (^{X, ii) + ^\ii\^{X, K)^ d for A e r • 

Let 

(138) W+ := {w e W; A'^ n w'^A'^) = 0}. 
Then W = W+t<W. 
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The dot action of W on f)* is defined by w o A = w{X + p) — p, where p = 
p + hyka e f]*. 
For A e f)*, let 

(139) A(A) :={ae A'-°;(A + p,a^) eZ}, 

(140) A+(A) := A(A)n A+, 

(141) W{\) := {sa, a G A(A)) C W. 

One knows that W{X) is a Coxeter subgroup of W and it is called the integral Weyl 
group of A e [)*. 

4.2. Graded Duals. Let M be any semisimple f)-module. We write for the 
weight space of M of weight A: 

(142) := {m € M;hm = X{h)m for all h e 1)}. 

Let P(M) = {A e f)*;M^ 7^ 0}, the set of weights of M. If dimM^ < 00 for ah 
A e P{M), then we define the graded dual M* of M by 

(143) ^* = Homc(M^, C) C Honic(M, C). 
It is clear that ((M)*)* = M. 

4.3. Universal AfHne Vertex Algebreis Associated with Lie Algebreis. De- 
fine a 5- module 14 (g) by 

(144) 14(fl) := C/(s)Oc/(g«c[t]eCifeCD)C. 

Here, C is considered as a Q®C[t\ 8 CK ® CD-module on which 0(8)C[i] CD acts 
trivially and K acts as the multiplication by k. 

It is well-known that the space Vk{Q) has the natural vertex algebra structure: 
The vacuum vector is given by |0) = l(g)l; The translation operator is defined by 
the relations 

(145) T|0) = 0, [T, J(n)] = -nJ(n - 1) for J e fl and n e Z; 
The filed corresponding to J(— 1)|0) with J € g is 

(146) J{z) := J{n)z-"-'^ 

and the fields corresponding to other vectors determined by (146) in the sense of 
the Reconstruction Theorem [33, Theorem 4.5], [25, Theorem 4.4.1]: Explicitly, 

they are given by 

Y{JaA-ni - 1) . ..JaA-nr - im,z) = \ , : d^JaA^) . ..d^'-JaAz) : 

ni! . . . rirl 

for a, G 7 U A, Ui > 0. Here dz = j£ and : a{z)b{z) : is the normally ordered 
product [33, Section 3.1]. 

The vertex algebra V/j(g) is Mobius conformal: The Hamiltonian is — D; The 
operator T* is defined by the relations 

(147) T*|0) = 0, [T*, J(n)] = -nJ{n +1) for J e fl and n e Z, 

see [33, Remark 5.7.d]. 

The Mobius conformal vertex algebra Vk{Q) is called the universal affine vertex 
algebra at level k associated with g. 
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It is clear that Vk{g) is Z>o-graded: 

(148) Vk{Q)= T4(0)_A 

Aez>o 

(149) 14(fl)o=C|0), dimyfc(fl)_A<ooforallA. 

The standard filtration of Vk (fl) coincides with the one induced by the standard 

filtration of U{g<^C[t~^]t~^) (in the usual sense). The subspace Vk{Q)-i generates 
a PBW basis of 14(0) (see Section 3.6). 

For k ^ —hy Vfc(fl) is conformal by the Sugawara construction: The conformal 

vector is = l/2(fc + /?>')Eae7uA-^a(-l)-'^"(-l)|0)' where {J"; a S 7 U A} is a 
basis dual to {Jo}- Its central charge is fcdimg/(fc + K^). We write 

(150) Y{uj-^,z) = L^{z) = Y,L%n)z-^-\ 

4.4. Affine Clifford Algebras and the Corresponding Vertex Algebras. 
Define the nilpotent subalgebra Ln± of g by 

(151) itl± =tt±(^C[t,f-i]. 

We identify Ltt± with (Lfiip)* through (-j-). 

Let CI be the Clifford algebra associated with _Lfi+ ® ifi_ and the restriction of 
( I ) to I/ti- ® Lfi+. As CI (see Section 2.4), CI may be defined as the superalgebra 
with 

odd generators: ipai''^) with a G A, n € Z, 

relations: [?/;Q,(m), '(/'^^((n)] = 5a+p.oSrn+n,a with a,/? G A, TO,n G Z. 

Here tpa{n) is regarded as the element of CI corresponding to the vector Ja{n) G 0. 

The algebra CI contains the Grassmann algebra A{Ln±) of Ln± as its subalgebra: 
A{Ln±) = (V'a(n);a e A±,n e Z). One has 

(152) CI = A(Ln+)0A(Ln_) 
as linear spaces. 

In view of (152), the adjoint action of f) on Ln± induces an action of f) on CI. In 
particular there is the adjoint action of D on CI. 

Let be the irreducible representation of CI generated by a vector 1 such that 

(153) Vc<(n)l = if a + n<5 e A!;!. 
Then 

(154) = A(Ln_n0_)(g)A(Ln+nfl_) 

as linear spaces. We regard as an f)-module under this identification: 

^= :f\ 

(155) Ae-Q+ 

1€J^, Va(n)^^ C jr^+«+"* for a e A, n e Z. 

Then is finite-dimensional for all A. 



36 



TOMOYUKI ARAKAWA 



The space is naturally a conformal vertex superalgebra: The vacuum vector 
is 1; The translation operator T is defined by the relations 

Tl = 0, 

[T, 'il)oi{n)\ = —nipain — 1) for a G A+, n gZ, 

[T, Va(n)] = -(n - l)ipa{n - 1) for a e A_, n e Z; 

The Hamiltonian is — D; The fields are determined by the Reconstruction Theorem 
and the following: 

(156) y(V„(-l)l,0) = V«(^):=5Z^«W^"""' foraeA+, 

(157) y(V'a(0)l,^) = Va(2) := Va(n)^-" for a € A_; 

The conformal vector is chosen as uyr = X]„£a+ V'-a(— 1)V'q(— 1)|0). We write 

(158) Y{uj^, z) = Lf{z) = L^{n)z-''-^. 

nez 

The vertex superalgebra is Z>o-graded: 

(159) -^=0 -^-A, dimjr_A < oo for all A. 

AnZ>o 

Denote by Uj^ the subspace of T spanned by V'a(— 1)1) ^-a(0)l with a G A_|_. 
Then Uj^ generates a PBW basis of T. 

4.5. The BRST Complex of Quantized Drinfeld-Sokolov Reduction. Re- 
call that a tensor product of vertex superalgebras is naturally a vertex superalgebra 
([25, Lemma 1.3.6]). 

Define a vertex algebra Ck{Q) by 

(160) Ck{Q) := Vk{m^- 

The vacuum vector |0)®1 is also denoted by |0). The vertex algebra C/j(g) is 
naturally Mobius conformal with the diagonal action of 512(C). 

We consider Ck{Q) as an ^-module by the tensor product action. Then — D is the 
Hamiltonian. The vertex superalgebra Ck{Q) is clearly Z>o-graded; The subspace 

(161) U = Vk{Q)-i®U^ 

generates a PBW basis of C/s(fl). Here we have omitted the tensor product symbol: 
Vk{Q)-i = Vii(fl)_i0Cl, = |O)0C/^. We have 

(162) VacCfe(0) = C|O) 

by Proposition 3.8.2. 
Define 



(163) 



Qt{z) = Qf{z)+x+{z) e {EndCkm)[[z,z-% 
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by 

Qt{z) = Y,Qt(.ri)z---' 

(164) := J„(z)V'-a(z) - ^ cl^f3^-aiz)tlJ-piz)tl;^{z), 

(165) x+{z) = J2x+in)z-'':= X+{Ja)i>-a{z), 

where x+ is the character of n+ defined by (11), and p is the structure constant 
of as in Section 2.1. The Q^^{z) and X+{z) are fields corresponding to the vectors 
Qf{-1)\0) and x+(0)|0), respectively. 
By abuse of notation, we set 

(166) :=(Qt(-l)|0))(o)=Q?(0) 

= Y Ja{-n)-4'-a{n) - ^ Y c2;,/3V'-a(fc)V'/3(0V'7("^)' 
aeA+,neZ a,3,7eA_,_ 

fc+i+Tn=0 

(167) x+ := (X+(0)|0))(0) = X+(l) = E X+(^)V'-a(l), 

aeA+ 

(168) Q+ := (gt(-l) + X+(0)|0))(o) = 0? + X+. 

Lemma 4.5.1. We have (Q!^)^ = x+ = [0+jX+] =0. /n particular we have 
Ql = Q. 

Proof. Direct calculation. □ 
Let = -^^ be an additional Z-gradation of the vertex algebra defined 



by 

degl = 0, degV'a(n) = 

Set 



1 for a e A_ 
-1 for a G A+. 



Cl{0) = Vk{0)0r withieZ. 

This gives a Z-gradation of Cfe(g): Cfe(fl) = ^i^^CKg). 
By definition. 

Therefore, by Lemma 4.5.1, (Cfe(g),(5+) is a BRST complex of vertex algebras in 
the sense of Section 3.15. This complex is called the BRST complex of the quantized 
Drinfeld-Sokolov ("+") reduction [21, 25]. 

Remark 4.5.2. As in Section 2.4, x+ may be identified with the character of the 
Lie algebra Ln+ defined by 

X+{J{n)) = 5n,-iX+{J) for ^ € n+ and n e Z. 
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4.6. Change of Hamiltonian. The BRST operator above is not compatible 
with the Hamiltonian — D of Cfe(g). Consider the weight space decomposition 
C/s(fl) = ®Aef)* ^kio)^ with respect to the action of i). Then one has 

(169) Q'l ■ Ck{Qf C x+ • CkiQf C ^ (7,(0)^-"+^ 

Set 

(170) Dnew := D + e I) 
where is as in Section 2.1. 

Lemma 4.6.1. The operator — Dncw defines a Hamiltonian on Ck{Q)- The action 

ofDncw on Cfe(g) commutes with that of Q^. 

Proof. The first assertion is easy to check. The second assertion follows from (169). 

□ 

We denote by Ck{Q)new the vertex algebra Cfe(g) equipped with the new Hamil- 
tonian —Dnew We write 

(171) C'fe(9)new = ^ C'fe(0)-A,new, 

Aez 

where 

Cfe(fl)-A,new = {C e CA;(0);Dnew " C = -Ac}. 

Note that Cfe(g)new is no more Z>o-graded. It is compatibly Z>o-gradable by — D 

(sec Section 3.2). 

The Mobius conformal structure is changed accordingly: Let T* = T*(g)l + 
l^L^l). Set 

(172) T*,^ := T* - 2^(1), 
where /0^(1) is the operator on Ck{g) such that 

F(1)|0)=0, 

[^(1), Jin)] = [^^, J](n + 1) + fc(5„,_i(p^| J) id for J e 0, n e Z, 

[^(l),i/'«(n)] = a(p^)V'a(n + 1) for a e A, n e Z. 

The triplet {T*^^, —Dnew, T} gives Ckio) a Mobius conformal structure (cf Section 
4.17). We have 

(173) [Q+,TnU = 0. 

Also, the action of T*^^ on Cfe(g) is locally nilpotent. 
Put 

(174) t := CTn*ew + CDnew + CT. 

We consider r Lie algebra isomorphic to s[2(C). 

Below if no confusion can arise we write just Ck{Q) for Cfe(fl)new We write 
C/s (fl)oid for the vertex algebra Ck{Q) with the (old) Hamiltonian — D. 
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4.7. Definition of ^'-Algebras. The following assertion was proved by B. Feigin 
and E. Fronkcl [21] for generic k, by J. de Boer and T. Tjin [14] for all k in the case 
that Q = sin and by E. Frenkel [25] for the general case. 

Theorem 4.7.1. The cohomology W{Ck{Q)) is zero for all i ^0. 

Define 

(175) := H^Ckig)). 

This is a Mobius conformal vortex algebra for all fc S C, because the action of r on 
Ckis) commutes with the BRST operator Q+. The vertex algebra #fe(fl) is called 
the W -algebra associated with q at level k. 

For the later purpose we recall the proof of Theorem 4.7.1 given by [25] in next 
sections. 

4.8. The Tensor Product Decomposition of the Complex Ck{Q)- Following 
[25, Chapter 15], we set 

Uz) = Un)z-^-' := Ja{z) - : i^-0{z)i^^{z) : 

for a e lu A. 

Lemma 4.8.1. We have the following relations for m,n G Z: 

(i) [X{rn),%jn)]^^J2d^tb-^d{m+n)+{k+h'^)m{Ja,Jb)Srn+n,o ifa,beIUA+ 
or a,b € I U 

(ii) [Ja(m), V/3(n)] = T,-yClfs^^{m + n) if a G /UA+, /3 G A+ or a G 7uA_, 
/3eA_. 

Proof. Direct calculation. □ 
Let C/c(fl)' be the subspace of Ck{Q) spanned by the elements 

Jai^ i-ni) . . . Ja,^ (-np)V'a,-^ (-mi) . . . Va,, (-m,)|0) 

with ai^,aj^ € A+, rij, rrii G Z. Then, by Lemma 4.8.1, Ckis)' is a vertex subalge- 
bra of Cfe(fl). Similarly, let Cfc(fl)" be the vertex subalgebra of Cfe(fl) spanned by 
the elements 

Joi(-ni) . . . Jap(-np)V'a,i (-mi) . . . Va,, (-mq)|0) 

with fli e / U A_, aj. G A_, ni,mi G Z. Then Ck{Q)" is a vertex subalgebra of 
Cfe(s) by Lemma 4.8.1. 
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Lemma 4.8.2. We have the following relations for n € Z; 
[Qt, V'a W] = Ja{n) and [Q"^, J„(n)] = /or a € A+; 

= x+{Ja{n)) and [x+,Ja{n)] = for a e A+; 

[Qf,i;-a{n)] =— c^,-^V'-/3(A;)V'-7(0 and [x+, V'-aH] = /or a G A+; 



2 



[Q'+, Ja(n)] = J2 ^a,a ^ ^-a{l)Jb{k) : n - A;a^a(n) /or a e A_ U /; 



aG A_|_ ,be A_ u/ 



where ka 



[X+, Ja{n)] = d.^' "^"l' '^/3)V'-/3('^ + 1) for a e A_ U I, 

foraG I. 

Proof. Direct calculation. □ 
By Lemma 4.8.2 and the fact that Q+\0) = 0, it follows that 

(176) Qt-CkCg)' cCkCg)', x+ • Cfc(fl)' c C^®' so Q+ ■ CkidY c CuiQ)' , 

(177) Qf-CkiQ)" cCkid)", x+ ■ CkiQ)" C CkiQ)" soQ+-Ck{9)" cCk{9)". 

Thus both CkisY and Cfe(fl)" are subcomplexes of Cfc(fl). Hence both (C/.(fl)',Q+) 
and (Cfe(5)", (5+) are weak BRST complexes of vertex algebras (see Section 3.15). 
The cohomological gradation takes only non-positive values on Cfe(0)' and only 
non-negative values on Cfe(g)"; 

(178) c,(fl)' = 0C^(fl)', Cfe(fl)" = 0t^^(fl)", 

i<0 i>0 

where q(fl)' = C^g) n Cfe(0)' and C^fl)" = Q(0) n Cfe(0)". 

Proposition 4.8.3. 

(i) Let U' be the subspace of Ck{Q)' spanned by the vectors 

Jc«(-l)|0), Va(-l)|0) witha€A+. 

Then U' generates a PBW basis of Ckis)'- 

(ii) Let U" be the subspace of Ckio)" spanned by the vectors 

Ja(-l)|0), 7/;-a(0)|0) with ae IUA_, ae A+. 

Then U" generates a PBW basis of Ck{2)" ■ 

(iii) The subspace U' + U" = U' ®U" generates a PBW basis ofCkis), and the 
multiplication map 

Jai^ (-ni) . . . tpaj^ i-mi) . . . |0)(g)Jai (-^i) . . . V^^^ (-mi) . . . |0) 
1-^ Jai^ (-«l) • • • ^a.-i (-mi) . . . Jai {-ni) . . . ^p^k, ("^i) . . . |0) 

gives the isomorphism of cochain complexes Cfc(g)'®Cfe(fl)" ^ C'fe(fl) . In 
particular by the Kiinneth theorem one has 

H-{Ckm= H^{Ct,{Q)')®m{Cu{Q)") 

p+q=n 
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for all n € Z. 

It is clear that Cfe(fl)' and Cfe(g)" is preserved by the action of r. Therefore 
both CkisY s^iid C'fc(fl)" are Mobius conformal, and thus so are H*{Ck{Q)') and 

Proposition 4.8.4 ([25, 15.2.6]). The cohomology if*(Cfc(fl)') is zero for all i ^ 

and one has H^{Ck{Qy) = C. 

The following assertion follows directly from Propositions 4.8.3 and 4.8.4. 

Theorem 4.8.5 ([25, Lemma 15.2.7]). The natural embedding Ck{Q)" ^ Ckis) 
induces the isomorphism H*{Ck{Q)") — + H*{Ck{Q)) of Mobius conformal vertex 
algebras. In particular 

Wk{Q) = H\Ck{Q)") 
as Mobius conformal vertex algebras. 

Remark 4.8.6. By (178) we have H°{Ck{0)") = {c € C°{q)";Q+c = 0} C Ckid)". 
Therefore, by Theorem 4.8.5 #^(0) can be regarded as a vertex subalgebra of 
Cfc(fl)", and thus of Ck{g). 

4.9. The Filtration F of Cfc(g)". We keep the notation of previous sections. The 
vertex algebra Cfc(fl)" is considered to be equipped with the Hamiltonian — Dnew 

We have 

(179) Aj-_^(_^)|(j^ = hta+ 1, A^_^(o)|o) = hta for a e A+, 

(180) Aj:(_^)|„^ = l fori el. 
Thus Ckis)" is Z>o-graded: 

(181) Cfe(0)"= CkisYL^, Ck{-Qy^ = C\0), dimCfe(s)':^ <oo VA. 

Aez>o 

It is clear that Cfe(fl)" is an f)-submodule of Cfc(g) and we have 

(182) cu9)"= {cum^ 

for all n. 

Proposition 4.9.1. Define an increasing filtration F = {FpCkid)"} of Ck{g)" by 

(183) i^,c,(fl)" = Ew(fl)", w(0)":= icj:{9yr- 

<A,pV>>-p-„ 

Then we have the following: 

(i) F is a (separated, exhaustive,) strict filtration of the vertex algebra Ck{g}" 
such that 

t ■ FpCkigY' c FpCkigy Vp, 

F^iCkisY'^O. 

(ii) gr^ CkidY' — Ckio)" as Mobius conformal vertex algebras. 

(iii) For all p we have Q% ■ FpCkisY' C Fj,_iCfc(0)" and x+ ■ FpCkidY' C 
FpCkisY', and thus Q+ ■ FpCkio)'' C FpCkio)'' ■ 
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Proof. For (i), the strictness of F follows from (ii), together with Proposition 4.8.3 
(ii) and Proposition 3.8.2. Other assertions are easily seen, (ii) is easily seen, (iii) 
follows from (169). □ 

The (Cfc(fl)",x+) is also a weak BRST complex of vertex algebras. By Proposi- 
tion 4.9.1, 

(184) H'igr'^CkCs)") ^ H-{Cu{q)'\x+) 
as Mobius conformal vertex algebras. 

4.10. The Vertex Algebra H*{Ck{^)" ,x+)- According to [25, 15.2.9], the coho- 
mology ff'(Cfe(5), x+) is easy to calculate, in view of Theorem 3.19.2: Let 

P,(0) = ^Pi(n)z-"-i, 
nez 

with i e /, be the linear combination of Ja{z) corresponding to Pi € (see 
Section 2.1). Similarly, let /_q(z) = Xlnsz with a e A_|- be the linear 
combination of Ja{z) corresponding to Then from the fifth formula of Lemma 
4.8.2 it follows that 

(185) [x+,P.(n)] = V«e/, neZ, 

(186) [x+,/-a(n)] = V-a(« + l) Va€A+, neZ. 

Let Lq^ = ®€.\t, t~^\ (notation Section 2.1). This is a commutative subalgcbra 
of 0. Set V{'^^) = U{LQf) ■ |0) C Vfc(fl). This is a commutative Mobius conformal 
vertex subalgebra of Vkio). Here, the Mobius conformal structure of V{g^) is 
considered to be given by t. 

By (185) there is an embedding of vertex algebras of the following form: 

(187) 

VCgf) ^ FO(Cfc(0)",x+)cCfc(0)" 

P,, (-ni)P,, (-712) .. . P^A-nr)\0) ^ Pi, {-ni)Pi, (-na) . . . P^ (-n^) |0) . 

One sees that (187) is r-equivalent. 

Proposition 4.10.1. 

(i) ([25, Lemma 15.2.10]) The cohomology H^{Ck{9)", X+) is zero for &\li^O 
and the map (187) gives an isomorphism 

V{Qf)^H'{Ck{Q)",x+) 

of Mobius conformal vertex algebras. 

(ii) Let N >0. The cohomology H'{iiN{Ck{g)"), a.dx+) is zero for all i ^ 
and the isomorphism V{Q-f) ^ H'^{Ck{3)" ,X+) '^^ (i) induces an isomor- 
phism 

iiiv(V(flO) ^ i?°(ilAr(Cfe(0)"),adx+) 
(notation Section 3.11). 

Proof. The set {Pi(-l)|0), /_a(-l)|0), V-a(0)|0);i e I,a& A+} forms a basis of 
U" (defined in Proposition 4.8.3), which generates a PBW basis of Cfc(fl)". 
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By (185) and (186), wc have 

(188) x+■P^{-lm = ^i&l 

(189) x+-?-a(-l)|0)=^-a(0)|0), x+-V'-a(0)|0)=0 VaeA+. 
Hence 

(190) x+ • U" C U", 

(191) WiU",x.)^[®^-^''^'^-^^^'^ = 

^ ' ^ \o (i^^O). 

Therefore the assertion follows from Proposition 4.8.3 (ii) and Theorem 3.19.2. □ 

4.11. The Filtration F of Wk{^). Let {FpWk{Q)} be the filtration of Wk{Q) = 
H°{Ckia)") induced by F: 

(192) FpWkCg) ■■= Im{H"{FpCk{5)") ^ H°{Ck{5)"))- 

Then F is compatible with the Mobius conformal structure of Wk{g): t- FpWk{Q) C 

The following assertion proves Theorem 4.7.1: 

Theorem 4.11.1 ([25, Theorem 15.1.9]). The cohomology H^{Ck{Q)") is zero for 
i and there is an isomorphism gr^ ^kio) — ^(fl'^) of Mobius conformal vertex 
algebras. 

Proof. By Propositions 3.16.1, the assertion follows from (184) and Proposition 
4.10.1 (i). □ 

By Theorem 4.11.1, (#fe(g),F) is quasi-commutative. 

Lemma 4.11.2. 

(i) The filtration F = {FpWkig)} ofWk{g) is strict. 

(ii) We have VacWkiQ) = C|0). 

Proof. Because 

(193) :=0P.(-1)|O) 

generates a PEW basis of V{gf) = gr^ #fe(0), we have that YacWkio) = C|0) and 
F is strict, by Proposition 3.8.2. □ 

Remark 4.11.3. The filtration F differs from the standard filtration ofWk{g). One 
can characterize F as the finest filtration of #fc(fl) such that #fe(fl)-A C F^-i'^kiQ) 
for all A > (compare Theorem 3.5.1 (iii), cf. Remark 4.12.2). The existence of such 
a filtration F can be proved for any Z>o-graded vertex algebra V with Vq = ' 



4.12. Quasi-Primary Generators of Wkis). Let {FpCkis)"} be the filtration 
of Cfe(g)" defined in Proposition 4.9.1, {FpWkig)} the induced filtration (192) of 

Recall the exponent d, of g with i & I, see Section 2.1. By definition Pj(— 1)|0) e 

Proposition 4.12.1. 

(i) The action ofx = CT*^^ + CD„ew + CT on Wk{Q) is completely reducible. 
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(ii) For each i ^ I, there exists a quasi-primary vector Wi e Fdi^kid) C 
^kio)" of conformal weight di + 1 such that 

Wi = Pi{-im (mod Fd^-iCkiQ)"). 

(iii) Let Wi, . . . , Wj be as in (ii). Then the subspace U-^ := ©jg/CWj gener- 
ates a PBW basis of Wk{Q). 

Proof, (i) Because the isomorphism in Theorem 4.11.1 is Dncw-equivalent, it follows 
that there is no vector of conformal weight 1 in #fc(fl). This together Lemma 4.11.2 
(ii) shows that Vac#fe(fl) n ImT*^^ = 0. Thanks to [33, Proposition 4.9 (b)], this 
proves the assertion, (ii) Because F is compatible with the action of t, 

Fa,-m{Q) FMq) ^ S^l nm = V{Qf) 

is an exact sequence of r- modules. Since #^(9) is completely reducible over r 
by (i), there exist a r-equivalent linear map 34. : gr^. #fc(fl) Fd.Wk{g) such that 
o'di°Sdi = id. The vector Wi = Sd,(Pj(— 1)|0)) satisfies the desired property, because 
Pi(— 1)|0) is quasi-primary, (iii) is obvious from the fact that (defined in 

(193) ) generates a PBW basis of V{Qf). □ 

We fix quasi-primary generates Wi, . . . , W; of #fe(g) which appeared in Propo- 
sition 4.12.1. We write for the image of in gr^ ^(fl). 

Remark 4.12.2. From Proposition 4.12.1 it follows that 

= span{(W,)(_)(W.,)(_)...(WU(-M|0); 2^'dJ+^^+d,.<P 
One can prove that FpWk{Q) is spanned by vectors 

w[_„^)|0) 

with r > 0, Tij > 1 and homogeneous vectors w^,. . .w'^ e >^(fl) satisfying 

A^i • • • -h A^r < p - r. 
4.13. The Lie Algebra £(#fe(fl)). 
Theorem 4.13.1. 

(i) The cohomology W{Ck{2)") for all i ^ Q and there is a natural Lie 
algebra isomorphism Z{Wk{Q)) ^ H°{£,{Ck{3)")) 

(ii) The cohomology H^{Ck{Q)) is zero for all i ^0 and there is a natural Lie 
algebra isomorphism £(#fe(fl)) ^ H'^ {&{Ck {§)))■ 

Proof By applying Theorem 3.17.1, the assertion follows from (162), Lemma 4.11.2 
and Theorems 4.8.5 and 4.7.1. □ 

We write W,(n) for (W,)„ G £(#fc(0)) = i/°(£(Cfc(fl)")) = H"{£{Ck{m- 
Let {Fp£,{Wk{Q))} be the filtration of £(#fe(0)) induced by (192). Then by 
Lemma 4.11.2 (i) and Proposition 3.10.1 we have the isomorphism of Lie algebras 

(194) ii(gr^^fe(0))^gr^i2(#fe(0)). 
We write \Ni{n) for e £(gr^^fc(fl)) = gr^ Sl{Wk{Q)). 
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4.14. The Current Algebra otWk{Q). 
Theorem 4.14.1. 

(i) For each N , the cohomology H^{iiN{Ck{5)")) is zero for alii ^ and the 
natural map ii-Ni'^kis)) ^ H'^ {^N (Ckis)")) is a linear isom,orphism,. 

(ii) The cohomology H"^ {'5^{Ck{Q)")) is zero for all i and the natural map 
3f)(^(0)) -H^"(3f)(Cfc(0)")) is an algebra isomorphism. 

Proof, (i) By Proposition 4.10.1 (ii) and (184), one can apply Proposition 3.18.1 
(ii) to get: 

(195) if'(H;v(Cfc(0)")) = O fori^O, 

(196) gr^ H\'dN{Ck{Q)")) ^ H^i^Nigr^ ^^(fl)")). 

Because {FpCki&Y'} is strict, we have iliv(gr^ Cfc(0)") ^ gr^il;v(Cfe(0)") by The- 
orem 3.13.3. Thus by (196) 

(197) gr^ H°{iir,iCkm")) ^ J?°(gr^iliv(C,(fl)")). 
Also, by Theorem 4.11.1 and Proposition 4.10.1 (ii), 

(198) iiN{H°{gv^ CkiQ)")) = ^NiVie^)) ^ H^{iiN{gv^ CkiQ)"))- 

Therefore, by Proposition 4.9.1 (i), Lemma 4.11.2 (i), Theorem 4.11.1, (197) and 

(198) , all the assumption of Proposition 3.18.2 are satisfied. Therefore one has 
itjv(i?°(Cfe(fl)")) = i?°(iliv(Cfe(fl)"))- (ii) The assertion follows directly from (i). 
Indeed, 5f)(^(fl)) is a direct summand of the complex ilo(/^(fl)) by definition: 

3f)(^fc(9)) = {a€ ilo(#'fe(0)); adi? • a = 0} 

= {a e //O(ilo(Cfe(0)"));ad//- a = 0} = ir°(3f)(Cfc(fl)"))- 

□ 

By Theorem 4.14.1 (i) it follows that 

(199) ilimS)) ^ H'^mCkiQ)")) 

(see (119)). In particular il(#fe(g)) can be considered as s subalgebra of U.{Ck{g)"), 
and thus of i;(Cfe(0)) by Theorem 3.14.1. 

Theorem 4.14.2. 

(i) For each N, the cohomology ff*(iljv(C'fe(0))) is zero for all i ^ and the 
natural map iljv(^(fl)) — *■ H°{^N{Ck{0)))) is a linear isomorphism. 

(ii) The cohomology i/*(3t)(C/j;(g))) is zero for all i ^ and the natural map 
3f)(^(0)) H^{5^{Ck{Q))) is an algebra isomorphism. 

Proof. Because (ii) follows from (i) (see above), it is sufficient to show (i). 
Let N >0. The embedding Ck{g)" ^ Ckio) induces an embedding 

(200) itjv(Cfe(0)")-^iliv(Cfe(fl)), 

by Theorem 3.14.1. By Theorem 4.14.1 (i), it is sufficient to show that the map 

(200) induces an isomorphism 

(201) H'iUNiCkig)")) ^ H'{!dM{Ckm))- 
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To prove this, consider the standard filtration G = {GpCk{Q)} of Ck{Q) with respect 
to the (old) grading defined by the Hamiltonian — D. Then 

(202) G-iCk{Q) = 0. 

Also, GpCkio)" = GpCk{g) n Ck{g)" is the standard filtration of Cfe(fl)" (with 
respect to the old grading). Because 

(203) Q^(-I)IO) e GiCfc(0), x+(0)|0) e GoCfc(fl) 
and {Ck{g),G) is quasi-commutative, we have 

(204) Qf ■ GpCkig) C GpCkiQ), x+ ■ GpCfc(fl) C Gp-iCfc(fl). 
Therefore there are converging spectral sequences 

(205) EP'i H'{!Llr,{Ck{m, {E'T" F*(il;v(Cfc(fl)")), 

see Proposition 3.18.1. Because the restriction of (200) gives a cochain map 

(206) GpilNiCkis)") ^ GpiiNiCkis)) 

for each p, (200) induces a map {E")r of spectral sequences. If this is an 

isomorphism for r = 1, then this is an isomorphism for all r > 1, inducing the 
desired isomorphism (201). So it is suffice to show the following assertion: 

Proposition 4.14.3. The natural embedding gr'^Cfe(0)" g^'^ Ck{g) induces an 
isomorphism /f(iljv(gr^ Cfe(fl)")) ^ if(iljv(gr° Cfe(0))) for all N. 

Proof. By Proposition 4.8.3 we have 

gr^ Cki&) ^ gr« Cfc(fl)'® gr« C,(fl)" 

as complexes and as (supercommutative) vertex algebras, where gr'^ Cfe(fl)' is the 
graded vertex algebra associated with the standard filtration of Ckis)' (with respect 
to the old grading). For convenience we put V = gr*^ Cfe(0), Vi = gr'-^ Cfc(g)', and 
V2 = gr'^Cfc(0)", so that V = Vi(g)V2. Let U' and U" be as in Proposition 4.8.3. 
Denote by Ui (resp. U2) the image of U' in Vi (resp. the image of U" in V2). Then 
Ui, U2 and Ui(BU2 C V generates PBW basis of Vi, V2 and V, respectively. By 
(204) the differential Q+ acts as Qf on V, Vi and V2. 

Let F be the filtration defined in Proposition 4.9.1. Let FpY2 be the image of 
FpCkid)" in V2. Then {F2V2} gives a filtration of the supercommutative vertex 
algebra V2 such that 

(207) Q+ ■ FpY2 C Fp_iV2 
(see Proposition 4.9.1 (iii)). Set 

FpY = Yi^FpY2. 

Then this also gives a filtration of the supercommutative vertex algebra V which is 
compatible with Q+. By (207) one has 

(208) (gr^ V, Q+) = (Vi®V2, Qf^ id) 

as weak BRST complexes of supercommutative vertex algebras. 

Denote by Ui (resp. U2) the image of Ui in gr-^Vi (resp. the image of U2 in 
gr^ V2). Then U2 generates a PBW basis of gr^ V2 and U := Ui + U2 = Ui® U2 
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generates a PBW basis of the supercommutative vertex algebra gr-'^ V. By (207) 
and the first formula in Lemma 4.8.2 it follows that 



Q+-U2^ 0, H\U2) 



U-UCU, H\U) 



\U2 (i = 0) 
\0 (i5^0), 

'U2 (^ = 0) 

{i ^ 0). 



Therefore, by Theorem 3.19.1 (i), (iv), it follows that the H^{Y2) = H\Y) = for 
i and the natural embedding V2 ^ V induces an isomorphism 

(209) ii'^Va) ^ i/°(V). 
Further, by Theorem 3.19.1 (v), (vii) we have 

(210) H\!dN{Y2)) = HHiiN{Y))^0 for 1^0, 

(211) ilAr(if"(V2)) - i/"(ilAr(V2)), 

(212) iiN{H"{Y))=H"{UNm. 

Therefore, by (209), (210), (211), and (212), it follows that V2 V induces an 
isomorphism 



(213) H'{iiN{Y2)) ^ H'{iiN( 
This completes the proof. □ 

□ 

4.15. A Realization of il(Cfe(0)) and !d{Wk{9)). Let 

and denote by Uk{Q') the quotient of U{q') by the two-sided ideal generated by 
K — kid. There is a diagonal action of adD„ew on the superalgebra U{q')^CI. Let 

(t^fe(0')®<^Od,new := {U € Uk{Q)<^Cl; [Dnew, W] = du} . 

This gives Uk{Q')®Cl a graded algebra structure: 

(214) f/fc(0')®CZ„ew = 0(?7fe(0')«'CO<i,new. 

There is a natural homomorphism 4" : Uk{Q')®Cl il(Cfc(fl)) of graded algebras 
induced by the correspondence 

(215) 3 9 J(n) ^ J(n)(= ( J(-1)|0))|„|) e £(^^(9)) 

(216) CI B Va(n) ^ Va(n)(= (Va(-l)|0))){„} e -C(Cfe(0)), 

(217) CI B V-a(n) ^ V'-a(n)(= (V-a(0)|0))){„-l} S i2(Cfe(0)) 

for J € 0, Q! G A+, n E Z. Denote by ^jv the composite of ^ with the natural 
surjection il{Ck{Q)) iljv(Cfc(fl)). 
Set 

(218) liv := C/fe(s')<^C^„ew • J2 iUk{s')^Cl)d,ne^ C Ukis' 
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Proposition 4.15.1. For each N > 0, there is an exact sequence 
0^\n-^ Uk{Q')®Cl ^ iiNiCkm 0. 

Proof. Let {GpilAr(Cfe(0))} be the filtration of ilAr(Cfc(5)) induced by the standard 
filtration G of Cfe(fl) (with respect to the old grading). Let U be the space as in 
(161), which generates a PBW basis of Ck{g)- Then by Theorem 3.14.1 we have 

(219) gr'5il^(Cfc(0))-§Ar(C/). 

(Here U is identified with its image in gr*-^ Ck{Q)-) 

Let {Gp{Uk{Q')<^Cl new)} be the filtration of Uk{Q')(^Clnev/ defined by 

G_i([/fe(B')«)CZ„ew) =0, 

Go(?7fe(0')OCZnew) = A(Ln_) = {ip-a{n); a e A+, n e Z), 

new J 

= Yl J{n) ■ Gp-i{UkiQ')^Clnew) + Yl V'a(")-Gp_l(f/fe(0')«'C«„ew) 

for p> 1. This defines a filtration of Uk{Q')<E)Clncw such that 

(220) gr^(C/fe(fl')®CZ„ew) = S{Q®C[t, f-i])(g)A(Ln+)(g)A(Ln_). 
This can be regarded as an isomorphism 

(221) gr«(C/fe(0')OC;new) = S{L{U)). 

By construction, preserves the filtration. Therefore, n induces a map 

(222) gv^{Uk{0')(S)Clnew) ^ gr°il;v(Cfc(fl)). 

But under the identification (219) and (221), the map (222) is identical to the 
natural surjection S{L{U)) Sn{U). Therefore (222) is surjective, and its kernel 
is S{L(U)) J2r>N S{L(U))r, which is exactly the image of U in gr^ {Uk{9')'E)Clnew) ■ 
This completes the proof. □ 

Let Uk{3')(^Cl^-^^^ be the standard degreewise completion (Section A. 2) of Uk{Q')^Cl 
with respect to the grading (214). 

The following assertion immediately follows from Proposition 4.15.1 and (199). 

Proposition 4.15.2. There is an isomorphism il(Cfc(g)now) — Uk{Q')'^Cl^^^^ as 
compatible degreewise complete algebras. Thus there is an isomorphism ii{Wk{Q)) = 

H°{Uk'{^Cl^,^,adQ+). 

4.16. New Grading vs Old Grading, and a Realization of 3f)(^(B))- (cf. 
[27, Section 2.2]) Let 

(C/fc(£l')<S)COd,oid := {u e f/fe(£l)OCfe(0); [D,m] = du}. 

This also gives Uk{Q')^Cl a graded algebra structure: 

(223) UkiQ')<3Cloid = 0(C/fc(0>C/)d,oid. 

Let Uk{3')(^Cl^i^ be the standard degreewise completion of Uk{Q')®Cl with respect 
to the grading (223). 

Proposition 4.16.1. We have the following: 
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(i) •U(Cft (s)oid) — Uk{3')'E)Cl^^^ as compatible degreewise complete algebras. 

(ii) The correspondence g B J J(0) € lto(Cfe(fl)oid); CI B tjja V'a(O) S 
lto(Cfe(fl)oid) gives the algebra isomorphism U{q}iSiCI ^ 3^(Cfc(g)oid)- 

Proof. The proof of (1) is exactly in the same manner as Proposition 4.15.2. (ii) 
follows from (i). □ 

For each N >0, iljv(C;c(0)oid) and iljv(Cfe(0)new) admit weight space decompo- 
sitions with respect to the adjoint action of f): 



A 



(224) iiNiCkisUd) = ilAr(Cfe(0)oid) 

(225) iliv(Cfe(0)„ew) = itiv(Cfc(0)new)^ 

Let t)^ G W with A G P^. Then its action on f) extends to an automorphism of 

Uk{Q')®Cl by the following: 

t\{Jain)) — Ja{n — (a, A)) for a G A, n G Z; 
t^{h) = h- k(X, h) for /i € 5; 
h{Ji{'>^)) = Mi^) for i e /, n ^ 0; 
txi^'ai'Ti)) = i>a{n — {oi, A)) for A € A, n S Z. 



One has: 



tpV (/i) 



V((f^fc(0')®cos,„i,) c {Uk{Q')^cifj 

t-f,^im&')®cira,neJ c (t^.(0')®co*:rd^"^ 

This shows that tpv and t-pv extends to the mutually inverse isomorphisms 

(226) tp : ilw(Cfe(0)oid) ^ iIw(Cfc(0)„ew), 

(227) t_p : iljv(Cfe(0)„ew) ^ ii-w(CA;(fl)oid) 
for all N, inducing isomorphisms 

(228) tp : il(Cfe(0)oid) ^ il(Cfc(0)ncw), 

(229) tip : 5i(Cfe(g)ncw) ^ ^{CkisUd) 

of compatible degreewise complete algebras. In particular, we have 

(230) tp : 3f)(Cfc(fl)old) ^ 3f)(Cfc(0)new), 

(231) f_p- : 3{)(Cfe(fl)new) ^ 3{)(Cfe(0)old). 

The following assertion follows immediately from Proposition 4.16.1, 

Proposition 4.16.2. The map t-pv induces the algebra isomorphism 3^{Ck (0)ncw) 
U{s)m. 

We have 

(232) t.p.iQf)=Q% t.pv{x+) = x'+, 

(233) Lpv (Q+) = := Qf + x'+. 
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where 

(234) xV:=E^-«(0)- 
Clearly, we have 

(235) [x'+,Q?]=0, ix'+r = o, {Q'+r=o. 

Hence each (iljv(Cfe(0)"), adQ^) is a cochain complex and one can define the cor- 
responding cohomology: 

i/*(il(Cfc(0)old)) - 0i/*(il(Cfe(0)old))d, 

H'{ii{Ck{0)oid))d := limif(il;v(Cfe(0)oid)). 

N 

In view of Proposition 4.16.1 (i), 

if*(ii(Cfe(0)oid)) = //•(c/fe'(?)5c/„id,adgV)- 

By Proposition 4.16.1 (ii), one finds that the subcomplex (5f)(Cfe(fl)oid), ad(5+) 
of ilo(C/i;(0)"j^) is identical to cochain complex (C'(0),adQ+) considered in Section 
2.4. Therefore by Theorem 2.4.2 wc have 

(236) /^°(3f)(Cfe(0))oid)=2(0). 
By (227) and (233), it is clear that 

(237) if*(ilw(Cfe(fl))oid,adOV) = 7?*(il^(Cfc(0)„ew),adg+) V7V. 
Therefore, Theorem 4.14.2 and (236) give the following assertion. 

Theorem 4.16.3. The H^{H{Ck{3)oi<i)) is zero for alii and t-pv induces the 
following isomorphisms: 

(i) H{Whm ^ i?°(il(Cfc(0)oid)) = if°(C/fc'(0O®CZ„id,adQ;) as compatible 
degree-wise topological algebras; 

(ii) (cf. [27, Proposition 3.3 (1)]) M^/^M) ^ i?"(3f](Cfc(0)oid)) = ^(0) as 
algebras. 

Below we often identify 31) (^ (0)) with Z{q) through the isomorphism t-pv . 

Similarly as above, let Cfc(0)"j^ be the vertex algebra Ckio)" equipped with 
the Hamiltonian — D. To avoid confusion we may write Cki^Y^cw the same 
vertex algebra with the Hamiltonian — Dnew By Theorem 3.14.1 and Proposition 
4.8.3, il(C,(0)::iJ andil(Cfe(0);;,^) are subalgebras of il(Cfc(0)oid) andil(Cfc(0)new), 
respectively. 

The restriction of (228) and (229) give the mutually inverse isomorphisms 

(238) tp : ^{Ck{Q)oXd) ^ ^{Cm'L^), 

(239) f_,v : iX{Cm'L^) ^ ii(^?fe(9)oid)- 

Thoil(Cfc(0)"jj) is a subcomplex of (iX(C/j(0)oid), ad(5+). The following assertion 
follows from Theorem 4.14.1. 

Theorem 4.16.4. The i?*(il(Cfc(0)^'ij)) is zero for all i and t-pv induces the 
following isomorphisms: 

(i) 11(5^(0)) ^ il'^(it(Cfe(0)"ij)) as compatible degreewise topological algebras; 
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(ii) 3()(#fc(0)) ^ if°(3f)(Cfe(0)^'i,)) as algebras. 

Remark 4.16.5. Let a be the Lie superalgebra such that a''™" is the Lie algebra 
b_, 0°*^^ is the supercommutative Lie superalgebra n_, and [x,y] = a,d{x){y) for 
a: G b_ = a"™", y € fi_ = a°'^'^. Then similarly as Proposition 4.16.1 (ii) one sees 
that the correspondence 

a'^™" 3Ja^ Ja(0) e 3f)(Cfe(0);'id), 

a°<i<^9 J„^V^„(O)e3t)(Cfc(0);'id) 
with a e / U A_, a G A_, give the isomorphism 

(240) C/(a)^3t)(C,(0);',,) 

By Theorem 4.16.4 3f)(^(0)) = 2{q) can be identified with the commutative 
subalgebra of U{a) consisting of elements that commutes with the adjoint action of 
Q'_^_ under the identification (240). 

4.17. The Conformal Vector at Non-Critical Level. Assume that k ^ —h'^, 
where is the dual Coxctcr number of g. Define 

L{z) = J2 L{n)z-^-' := L^{z) + {z) + ^^{z), 

nez 

where 

^{z) = ^;^(n)2-"-i = p'^iz) + ^ hta : Va(^)^-a(^) : • 

A short calculation shows that 

(241) [Q+,L{z)]=0. 

Thus L(— 2)|0) defines an element of #fe(0). Further, one sees that 

(242) T:^^ = Lil), -D„ew = i(0), T = L{-1) 
as elements of EndCfc(0), and that 

3 

m — m 

(243) [L{rn),L{n)] = (m - n)L{rn + n) H — 5m+n,Qc{k) id, 

where 

(244) c(fc) = / - 12 ((A: + ft^)|p^p - 2(p,p^) + ^^W) , 

see [21, 27, 25] (Recall that I is the rank of g). Therefore L(— 2)|0) is a conformal 
vector of central charge c{k). Thus, the vertex algebra #^(0) is conformal for 

k ^ -hy. 

Remark 4.17.1. Write k as k = —h^ +p/q- Then, as explained in [27], the formula 
(244) can be written as 

c{k) = I - 12\qp - pp^f/pq, 
which in the simply laced case becomes 

c(fc)=/(l-/i^(/i^ + l)(p-g)Vpg). 
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Proposition 4.17.2. Assume that k ^ — /i^. Then under the isomorphism t-p\/ : 
3l)(>%(fl)) ^{3} in Theorem 4.16.3 (ii), the image of the Hamiltonian L(0) in 
3f)(>^(0)) is mapped to the element 



2(fc + /iV) 2 
Here O is the Casimir element of U{g). 

Proof. Direct calculation. □ 
5. Irreducible Highest Weight Representations of 1^-Algebras 

5.1. Verma Modules of /^-Algebras. We identify 3f)(^(0)) with the center 
2{g) of U{g) through Theorem 4.16.3 (ii). 

Recall that 7^^ : Z{q) C with X G i)* denotes the Harish-Chandra homomor- 
phism (with respect to the triangular decomposition g = n_®^®tl+), see (56). 
The one-dimensional Z(g)-module C-y- can be naturally regarded as a it(#fe(g))>o- 
module on which il(#fe(g))>o acts trivially. 

Define 

(245) M(7x) :=il{Wkm^umm>oCi-.- 

The #fc(0)-module ]V[(7j^) is called the Verma module ofWkis) with highest weight 
The canonical vector 1®! e M(7;^) is called the highest weight vector of M(7;^) 
and denoted by \jx). 

Define a subspace il~(#fe(fl)) of ilo(>^(fl)) (notation Section 3.11) by 

(246) il-(>rfc(0)) := span{Wi,(-ni) Wi^(-n^);r > 0, is € /, n, > 1}. 

Then by Theorem 3.14.1 and Proposition 4.12.1 (iii) there is a linear isomorphism 

(247) ^-{nm) ^ M(7,) 

The Verma module M(7j^) is an admissible #fe(0)-module (see Section 3.12) by 
the natural grading such that 

(248) M(7x)top = C|7A), 

which is unique up to a constant shift. By (247) each subspace M(7-^)(i is finite- 
dimensional. 

Let M be any graded >^(0)-module. Denote by S{M) the subspace of M 

spanned by the homogeneous vectors m such that \Ni{n)m = for all i G I, 
n > 0. Then S{M) is naturally a 3f)('^(0))-module containing Mtop (notation 
Section 3.12). By definition we have the isomorphism 

(249) Hom^,(g).g,Mod(M(7A),M) ^ 0Hom2(g)(C^„ 5(M)d), 

dec 

where S{M)d = S{M) n M^. 

Let F = {FpWk{0)} be the filtration of Wkid) defined by (192), {FpiiiWkia))} , 
the induced filtration oiii{Wk{g)). Set 

(250) FpMiTx) := Fpii(^fe(0)) • \Tx)- 

This defines an increasing, separated, exhaustive filtration of M(7)^). By definition, 
Fp!d{Wk{Q)) ■ FgMiTx) C Fp+gM{Tx) for all p, q. Thus the graded space gr^ M{tx) 
is naturally a module over the commutative vertex algebra gr^ >^(0). 
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Proposition 5.1.1. We have 

as gr^ Wk{Q) -modules, where C is the trivial il{gY^ Wk{Q))>o-module. Namely the 
gv^ 'Pkio) -module gr^M(7;;) is isomorphic to the polynomial ring 

C[y^i{-ni);i€l,ni>l] 

on which Wi(n), with n < 0, acts by the multiplication, and Wj(n), with n > 0, 

acts trivially. 

Proof. We have the surjective homomorphism if^ig'c^ '^k{Q))'^ii{gr'' Wki3))>o'^ ~^ 
gr^ M(7j^) that sends to the image of \^)^) in gr-^ M(7j^). From (247) it follows 
that this is a bijection. □ 

Remark 5.1.2. Let M^(X) be the lowest weight Verma module of q with lowest 
weight A. Denote by 7^ : 2{q) — » C be the evaluation at M'I'(A). Then we have 

(251) 7^= 7.0(A), 

and hence M(7^) = M(7^^(^-)), where wq is the longest element of W. Indeed let 

(252) P++ = {A e P; (A, a"") € Z>o Va e A+}. 

Then for A S P++ the irreducible finite-dimensional g-module L(X) has the lowest 
weight wo(X). Thus (251) holds for all A G wo{P++). Hence it must hold for all 

Ae r- 

5.2. A Realization of M(7)^). Let Ca = CIa with A S f)* be the one-dimensional 
representation of il{Ck{Q}"i^)>o such that 

J_Q(n)lA = 'tp-a{n)lx — for a e A+, n > 

Ji(n)lA = for i e /, n > 0, 

Ji(0)lA = A(J,)1a for i e /. 

We consider Ca as a cochain complex concentrated in degree on which the differ- 
ential (5+ acts trivially. Let K{X) be a Cfe(0)Qij-module defined by 

(253) ^(A) =H(C,(fl);',d)0it(c.(g);;,)>„CA. 

This is an admissible it(Cfc (g)")-module with the natural grading such that if (A)top = 
C^Ca- We regard K{X) as a cochain complex with the differential Q'_^_, whose action 
is defined by the rule Q'+{u(»l) = [Q'+,u](»l for u G il{Ck{Q)"). 

By (199) and (239), H*{K{X)) can be viewed as a ^fc(g)-module by the following 
action: 

(254) u-[v] = [Lpv {u)v] for u e y(#fe(fl)) and [v] € H'{K{X)). 
Then H*{K{X)) is an admissible #fe(0)-module. By construction, 



W{K{X))top=H\K{X)iop) = 



i 7^ 0. 



This is a 3f)(^fc(fl))-module. 

Proposition 5.2.1. There is an isomorphism H°{K{X))top — C-y^ o/3f)(^(0))- 
modules. 



54 



TOMOYUKI ARAKAWA 



Proof. Wc shall use the identification 

(255) 3t)(^fe(0)) = i?°(3f)(Cfc(fl);'i,),adQV) 

(256) = if°(3f)(Cfc(fl)oid),adQ;) = if"(f/(fl)^a, adO+) = 2(0) 

through Theorems 4.16.3 and 4.16.4. 

Observe that (A + 2p) has the central character 

(notation Remark 5.1.2). 

The superalgebra 3f}(Cfc(0)oid) = C^(0)(8)Ci acts on M^(A + 2p)(g)A(n+) as in 
Section 2.5, and by (256) this induces the action of 3f)(^(fl)) on the space 

i?o(n+,M^(A + 2p)(»Cx+) = Ho{MHX + 2p)(E)A{n+),Q+). 

Let |A + 2p) ' = ^1+2^'^-'-' where w|_,_2p is the lowest weight vector of M^{X + 2p). 
Then C|A + 2p)^ is a subcomplex of {M^X + 2p)(g)A(n+), Q+). From (the proof 
of) Theorem 2.5.7 (i), it follows that the natural embedding C|A + 2p)^ ^ M^X + 
2p)ig)A(n+) induces an isomorphism 

(258) Ho{C\~X + 2p)^)^Ho{n+,M\X + 2p)^C^^) = C-y-^ 
as 2^(g)-modules. 

Consider M'^(X + 2p)(g)A(n+) as a 3^{Ck{Qy^i^)-vaodn\c by the correspondence 

(259) Ja(0) <-*Ja- ^Iff^-l^^-r fo"^ a G A_ U /, 

/3,76A+ 

(260) ■^0,(0) 1-^ ipa for a e A_ 

(see Remark 4.16.5). Then a short calculation shows that 

(261) Ji(0)|A + 2p)^ = A(Ji)|A + 2p)^ for i e /, 

(262) J„(0)|A + 2p)^ =0 foraeA_. 
Therefore the correspondence 

(263) M\X + 2p)oA(n+) 9 |A + 2p)^ ^ Ix G K{X)top 

gives a ^ijiCkisYoi^ye^uivalent cochain map. Here M'f(A+2p)0A(n+) is considered 
as a cochain complex by reversing the homological gradation. Therefore, it follows 
that (263) induces an isomorphism 

Ho{mHX + 2p)(g>A{n+), Q+) ^ H°{K{X))top. 

By (258) this completes the proof. □ 

Proposition 5.2.2. We have W{K{X)) = /or i 7^ and H°{K{X)) ^ M(7^) as 

Wkio) -modules. 

Proof. By (249) and Proposition 5.2.1 there is a unique #fe(0)-module homomor- 
phism 

<i> : M(7x) - H\K{X)) 
that sends |7x) to [IOIa] e H°{K{X)). 
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Let F be the filtration of Cfe^)" defined in Section 4.9, {FpiliCkisY^y^)} the 
induced filtration. Define 

(264) FpK{X) := Fpil(C,(0);',J • i^(A)top. 

Then this defines an increasing, separated, exhaustive filtration of K{X) such that 

(265) Qf-FpK{X)cFp_iK{X), x+ ■ FpK{X) C FpK{X), F_iK{X)=0. 
Thus there is a converging spectral sequence E^''^ => H*{K{X)) such that 

(266) E^'" = HP+i{gv^p K{X)). 
By construction, we have 

(267) H'{gr^K{X))=H'{K{X),x'+). 

From the commutation relations 

(268) [x'+, Ja(-n)] = J2 -^"l' J0)^-l3{-n) for a € A_ U /, 

(269) [x'+,^-a(-n)] = foraeA+, 

one can show exactly in the same manner as Proposition 4.10.1 that 

(270) W{K{X),x+) = fori^O 
and that there is a linear isomorphism 

(271) S{gf(E>C[t-']t-') ^ H°{K{X), x'+) 
given by the correspondence 

(P,,®t-"i) . . . (P.^m-"'-) ^ Pn(-ni) . . . Pi^(-n^)®l. 

By (267) and (270) it follows that our spectral sequence collapses at Ei = E^, 
and consequently we have W{K{X)) = for z 7^ and the isomorphism 

(272) gr^ i?°(i^(A)) ^ S{Qf(^C[t-']t-'). 

Finally, 0(FpM(7j^) C FpH°{K{X)) by construction. Thus we have a gr^ ^fe(s)- 
module homomorphism 

(273) gr^M(7x)-gr^//°(i^(A)). 

But from (272) and Proposition 5.1.1 it follows that (273) is a bijection. Thus this 
completes the proof. □ 

5.3. Irreducible Highest Weight Representations of 5^-Algebras. Let A e 
i)*. Denote by N(7)^) the the sum of all proper graded y^(g)-submodules of M(7-^). 
Define the graded 1^(fl)-module I'i'Jx) by 

(274) L(7x) := M(7a)/N(7a). 

The image of |7^) e M(7^) in I'i'Jx) is also denoted by |7^). We have L(7^)top = 

C|7a)- 

Theorem 5.3.1. The Wk{Q)-modules L(7;^) is a unique simple graded quotient of 
M.{t\)- The set 

{L(7x);A + peTr\^} 
is the complete set of the isomorphism classes of simple objects o/#fe(0)-adMod. 
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Proof. It is clear that N(7^) ^ \lx)- Thus it follows that N(7j^) is the unique 
maximal graded submodule of M(7^). The second assertion follows from Zhu's 
theorem (Theorem 3.12.1). □ 

Note that we have 

(275) 5(L(7^))=C|7a)(-C^,), 

because otherwise L(7)^) admits a non-trivial proper graded submodule. 

5.4. The Simple Quotient of Wk{g) is L(7vack)' It is clear that #fe(0)top = C|0) 
when Wk{g) is considered as a >^(0)-modules. Set 

(276) vack := t-pv o Mq = -{k + hy)p^ e \}*. 
A short calculation shows that 

fpv(J,(0))|0) = (vack, Ji)|0) for i e /, 
?pv(J„(0))|0) =0, V(^„(0))|0) = foraeA_ 
(cf. [2, Proposition 4.2]). Hence by Proposition 5.2.1 it follows that 

(277) ^fc(fl)top = C^..e, 

as 3f)(>^(fl))-modules. Thus there exist a unique surjection M(7va,ck) ^(fl) of 
/^(g)-modules that sends |7vack) to Therefore L(7vack) is a simple quotient of 
/^(g). By [26, Remark 4.3.2], L(7vaci,) is a simple vertex algebra. 

5.5. Duality Functor D. Let 9 : Z{Wk{Q)) £(irfe(0)) be the anti-Lie algebra 
involution as in Proposition 3.9.1. We have 

(278) 0{\Ni{n)) = {-lf'+^\Ni{-n) 

because Wj is quasi-primary. 

The is induced by the anti-Lie superalgebra isomorphism £{Ck{Q)) £{Ck{g)) 
which is also denoted by 9. We have: 

0(J„(-(a,p^))) = -(-l)(".P^>J„(-(Q,pV)) for a e A, 
e{h{0)) = -h{0) for het), 

0(Va(-(a,P^))) = -V^(-l)<"''^">Va(-(a,p^)) for a e A, 

0(V^-„((a,p^))) = v^(-l)<"''^'>Va((a,p'')) for a € A. 
Therefore the following hold: 

Lemma 5.5.1. The 6 induces an anti-algebra isomorphism 6 : 3f)(C'fe(0)) 
3f)(Cfe(0)) with 6{af = (-l)fWa for a G 5i){Ck{g)), which is given by the fol- 
lowing formula under the identification 3^{Ck{Q)) = U{g)(E)Cl: 

0iJ±a) = -(-1)^*" J±a for a G A+, §{h) = -h for h&i), 

9{^Ja) = -a/^(-1)'''"Vo for a G A+, 

0"(V-a) = y^(-l)'^*"V-a for a G A+. 

Because 

(279) e{Q+) = -V^Q+, 

^induces anti-algebra automorphism of if°(3f)(Cfe(fl))) = 3f)(^(0)) = -^(fl), which 
is also denoted by S. 
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Lemma 5.5.2. For A e [)*, we have ° ^\z{b) ^ 7-tuo(A)- 

Proof. Let A e P++ (see (252)). Then L{X) has the central character 7^^. Let L(A)^ 
denote X(A) viewed as a g-module on which J Gg acts hy J -v = 6{J)v. Then the 

formulas in Lemma 5.5.1 show that L(A) has the central character 7_toQ(A). This 
proves the assertion for all A e P++- Hence it must hold for all A G □ 

Denote by i^(5^(fl)) the Serrc full subcategory of #fe(0)-adMod consisting of 
graded #fe(0)-modules M = 0^gc Mj, such that dimM^ < 00 for all d. The Verma 
module M(7^) belongs to ^{'^k{s))- Thus by Theorem 5.3.1 any simple object of 
5rfc(0)-grMod belongs to ^(#fc(fl)). 

For an object M of ^(>^fe(0)), define 

(280) D{M) := Homc(Md, C). 

dec 

Then the formula 

(281) {u ■ f, m) = (/, e{ii)m) for u G U{Wk{5)), f G D{M), m e M 

gives a #fe(5)-module structure on D{M). By definition D{M) is an object of 

One has 

(282) D{D{M)) = M 

for M G ^(^(fl))- The correspondence M ^ D{M) defines an exact cofunctor 
from ff{Wk{Q)) to itself (see Lemma 8.1.1). 
The following assertion is clear. 

Lemma 5.5.3. Let M e i^(#fc(fl)). The correspondence N ^ D{N) gives a 
bijection between the set of graded submodules of M and the set graded quotients of 
D{M) 

Let |7x)* denote the homogeneous vector of D(M(7^)) dual to \')^ G M(7^). 
Then Z)(M(7x))top = C\tx)*. 

Theorem 5.5.4. Let A. fi G [)*. 

(i) There is an isomorphism D(L{"/^^)) ^ ^{"/-wo{\)) of Wk{Q)-m,od,ules. 

(ii) The Wk{e)-submodule of D{M(j-^)) generated by D{M(j-^))top = C|7^)* 
is isomorphic to L(7_y,jj(^)). This is a unique simple graded submodule of 
^(M(7a)). 

(iii) A (graded) homomorphic image 0/ M(7^) in i?(M(7p))) is zero or iso- 
morphic to L(7j). Hence 

'1 if-wo{jl)GWo\, 



dim Hom^(^,(g)) (M(7^) , I?(M(7^))) 



otherwise. 



Proof, (i) By Lemma 5.5.3 it is clear that Z)(L(7^)) is a simple object of ff{Wk{Q)). 
Thus it is sufficient to show that I?(L(7jj)) is a quotient of M(7_,^,^j()^-)). Because 
its simple, 5(1?(L(7^))) ^ L>(L(7^))top = C^_„„a) Lemma 5.5'.2. By (249), 
this proves the assertion, (ii) By Lemma 5.5.3 and the first assertion of Theorem 
5.3.1, it follows that _D(M(7)j)) has the imique simple graded submodule Z)(L(7)^)), 
which is isomorphic to ^{l-wo(\))^ by (i). Further we have |7x)* G £)(L(7)^)), 
because it is the vector dual to |7x) G M(7i^). Therefore the assertion follows, (iii) 
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Let (j) : M(7j^) £)(M(7p)) be a homomorphism of graded #fc (0)-modules and 
suppose that 0(M(7;^)) ^ 0. Then (^(M(7j^)) must contain |7/i)*, by (ii). Prom this 
it follows that 

(283) 0(M(7A)top) - Z)(M(7p))top 

because M(7j^) is generated by M(7);)top and (j) is graded. Therefore, by (249), 
£'(M(7p))top = C-y^ as Z(g)-modules. But by (ii) we also have D(M(7^-,))top = 
*^7-<oo(m)' ^^^^ ~u)o{p') G W o\. Conversely, if —wq{P,) G W o\ then (283) extends 
to the graded #'fc(fl)-module homomorphism M(7^) £)(M(7p)), by (249). This 
completes the proof. □ 

Remark 5.5.5. For k ^ —h^ one has 0{L{O)) = L{0). Also, it is easy to see that 

Because «;o(p^) = —p^, we have the following assertion. 

Proposition 5.5.6. The simple vertex algebra L(7vack) is self-dual, that is, there 
is an isomorphism Z)(L(7vack)) — L(7vack)- 

5.6. Critical Level Cases vs Non-Critical Level Cases. It is known [21] that 
the structure of #fc(fl) drastically changes at the critical level k = —h^. Thus, 
though our argument does not depend on the parameter fc, it makes sense to discuss 

the difference between the critical level case and non-critical level cases. 
First, let k — —h^ . The following remarkable fact is well-known. 

Theorem 5.6.1 (Feigin-Frenkel[21]). The vertex algebra W-h^i^) is commutative. 
In fact it coincides with the center ofV-hv{Q) (in the sense of vertex algebras). 

Remark 5.6.2. If 7^ —h^ then the center of Vfe(g) is trivial. This follows from the 
fact that VacFfe(fl) = C|0) and [48, Proposition 3.11.2]. 

Since W-hv{g) is commutative it follows that N(7)^) = X](i<o ^(Ta)^ ^^'^ ^ilx) 
is one-dimensional. Therefore the following assertion immediately follows. 

Proposition 5.6.3. Let k = —h^. Then L(7;^) is the one- dimensional W-h-^{Q)- 
module on which Wi{n), with i G I and 0, acts trivially and 3f)(^(s)) = 2{q) 
acts by the central character ■ 

Next let k ^ —K^. In this case #fc(fl) has the conformal vector L(— 2)|0). By 
(244) and Proposition 4.17.2, we have: 

(284) L(0)|7a) = A;^|7a). 
where 

(^•AKs A - l^ + ^l'^ rankfl c(fc) 

^^^^^ - 2(fc + /iV) - + 

Because the grading of M(7j^) is determined by the action of — i(0) (up to some 
constant shift), we have the following assertion. 

Proposition 5.6.4. Let k ^ —h^. Then each L(7j^) is the unique irreducible 

quotient of the Wk{g)-module M(7;^). 

Remark 5.6.5. In the case that k = —h^, M.{'-f^) has (many) non-graded irreducible 
quotients. 
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For a #fe (0)-module M, let M[/j] be the generalized eigenspace of L(0) of eigen- 
value —d e C: 

V[d] := {v e V; (L(0) + dyv = for r > 0}. 

For an object M of ^{Wk{Q)), define the normalized formal character chM of M 
by 

(286) chM ■.= q-^^q-'^dmiM[dy 

dec 

One has chM = q~~^ trM q^'^^^ if L{0) acts on M semisimply. 

The following assertion is easily seen from Propositions 4.17.2 and 5.1.1. 



Proposition 5.6.6. It holds that 

chM(7^) 



A + p|" 



for X€i)*, where rjiq) = q^ Ui>i{^ - sO- 

One of the main purpose of this paper is to determine each of chL(7^). 



6. Functors H1{1) and H*_{7) 

6.1. Category Ok- Let Ok be the Serre full subcategory of the category of left 
fl-modules consisting of objects M such that the following hold: 

• K acts as k id on M; 

• M = M-^ and dimM^ < oo for all A; 

• there exists a finite subset {/^i, . . . , C f)^ such that P{M) c (J ^i — Q+. 

Let M(A) e ObjOk be the Verma module with highest weight X e t)l, v\ e M(A) 
its highest weight vector. Let L(A) be the unique simple quotient of M(A). Then 
every irreducible object of Ok is isomorphic to exactly one of the L{X) with A G f)^. 

The vertex algebra Vfe(g) is an object of Ok when considered as a g-module; 
indeed Vk{g) is a quotient of M{kAo). 

The correspondence M ~~> M*, where M* is defined by (143), defines the duality 
functor in Ok- Here, Q acts on M* by 

(287) {Xf){v) = f{X\) 

where X Al* is the anti-automorphism of q define by = iC, D* = D and 
J(n)* = J*{-n) for J e 0, n e Z (notation (7)). 



6.2. Category O^. Let O^ be the full subcategory of Ok consisting of objects 
M that admit a Verma flag, that is, a finite filtration M = Mq D Mi d • • • D 

Mr = such that each successive subquotient Mi/Mi^i is isomorphic to some 
Verma module M{Xi) with Ai € f)^. The category is stable under taking direct 
summands. Dually, let be the full subcategory of Ok consisting of objects M 
such that M* e ObjO^. 
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6.3. Truncated Category Oj: . (see [56, Section 2.10] for details.) For A e f)^, 
let Of^ be the Serre full subcategory of Ok consisting of objects M such that 
M = ilf. Then Of^ is stable under taking (graded) duals. It is known that 

every simple object i/(/u) S ObjOf^, n < X, admits an indecomposable projective 

cover P<A(/i) in , and hence, every finitely generated object in O^^ is an 
image of a projective object of the form ©[-^ -P<A(Ati)- It is also known that 
P<A(/i) G ObjO^. Dually, /<a(a*) = P<xif^)* is the injective envelope of i(/u) in 
O^^. In particular M € OhjO^^ is a submodule of an injective object of the form 
0[^j I<\{fii) if its dual M* is finitely generated. 

6.4. Functor ff|(?). Let M be an object of O^- Define 

(288) C(M+, M) := M®jr = ^ C^(Ltt+, M), where C'{Ln+, M) := M®jr^. 

Then C(Ltx+,M) is naturally regarded as a module over the vertex superalgebra 
Cfc(0) = Vk{Q)®T{— C(in+, Vfe(fl))) (recall Section 4). In particular, (3+ acts on 
C(Ln+,M) satisfying 

Q% = Q, 0+-C*(Ln+,M) c C*+i(Ln+,M). 

Thus (C(Ln+, M), (5+) is a cochain complex. Set 

(289) H\{M) := H\C{Ln+, M), Q+) for i e Z. 

The (M) is called the cohomology of the BRST complex of the quantized Drinfeld- 
Sokolov "+" reduction for Ln+ with coefficients in M ([21, 25, 27]). 

Remark 6.4.1. 

(i) We have H'iCkiQ)) = H^Vkm and nis) = ^f^(Vfc(fl)). 

(ii) By definition 

H1_{M) = i?'r+*(Ln+,M(g)C;<.+ ), 

where the right-hand-side is the semi-infinite cohomology [18] of the Lie 
algebra Lfi-i- with coefficient in M^C-^_^ . 

The Cfe(0)-modulc structure of C{Ln+, M) induces the #/j(g)-modulc structure 
on H^{M) with z G Z, by Theorem 4.14.2. Further, there is a natural action of 
the operator Dnew on C(Ln+, M) commuting with Q+. Thus H^{M) is graded by 

(290) ff;(M) = 0F;(M)d, Hl{M)a = {vGHl{M)-T>^,^v = dv}. 

dec 

Therefore we have a functor form Ok to y^(g)-grMod defined by 

M ^ H\{M) 

for each i e Z. 
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6.5. Functor H!_{7). Consider the automorphism of Uk{Q)®Cl defined by 

J(n) 1-^ - J\n) for J e a, n e Z, 

(291) / ^ . 
^a{n) ^ -i^l^Din) foraeA, neZ 

(notation (7) and (38)). Because it is degree-preserving, (291) induces an algebra 
involution of il(Cfc(fl)oid) = t^fe(£l')'^^^oid' which we denote by jj. Then 

(292) il^v :=«oL^v 

defines an isomorphism it(Cfc(0)new) ~* •^(C'fc(fl)oid) of compatible degreewise com- 
plete algebras. We have: 

(293) iL-v(Q+) = Q-, Q- = Qt + X-, 

(294) P_,AQt) = Q-, t^_,Ax+) = x-, 

where Q!^ and X- are the following elements of it(Cfe(0)oid)o, respectively: 

(295) Q!_'= J2 M-n)i'-a{n)-l J2 clf,^-aik)^-0{l)Mm), 

aeA_, neZ a,3,7eA_ 

k+l + m.=0 

(296) X-= J2 X-{Ja)i^-a{0), 
where X- is defined by (43). Clearly, 

(297) {Q-}f=xl = [Qtx-]=0, Q-=0. 
For M e Ofe, set 

(298) C(Ln_, M) := M(^J^ = ^ C\Ln-, M), where C*(Ln_, M) := M^JT"* 
(compare (288)). Then 

Q--C\Ln-,M) c C'+^{Ln-,M). 

Thus (C(Ln_, M), (5_) is a cochain complex. The corresponding cohomology is 
denoted by H*_{M): 

(299) Hi{M) := W{C{Ln-,M),Q_) iorieZ. 
Remark 6.5.1. By definition we have 

H'_{M) = H^+%Ln-,M^C^_), 

where X- is considered as the character of Ln_ defined by X-iJi^)) = X-{J)^n,o 
with J G fi_ and n E Z (compare (47)). 

By (199) and (239), each Hl{M) has a #fc(g)-module structure: 

u-[v] = \P_pv{u)v] for u e ii(#fc(0)), V G Hl{M). 

Also, there is a natural action of D on C{Ln-,M) commuting with Q_. Thus 
H*_{M) is graded by D: 

(300) H'_{M)=^H'{M)d, H'(M)d.^{ve H'{M);T>v = dv}. 

dec 
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The correspondence 

M ^ W_{M), 

with i gZ, defines a functor from Ok to #fe(0)-grMod, which is refereed as the "— " 
reduction functor. The functor H^_{1) is essentially the same functor studied by E. 
Frenkel, V. Kac and M. Wakimoto [27]. 

7. Representation Theory of Algebras Through the Functor 

In this section we study the representation theory of /^-algebras through the 
"— " reduction functor (?). As in the previous sections, the complex number k 
is arbitrary unless otherwise stated. 

7.1. Category Ok- Let M be an object of Ok- Regarded as a module over Vfc(fl) 
with the Hamiltonian D, its grading is given by the operator D: 

M = 0Md, Md:={v&M--Dv = dv]= ^ M^. 

(A,D>=ci 

Each M(i is naturally regarded as a module over g. Let Ok be the full subcategory of 
Ok consisting of objects M such that each M^, with d e C, belongs to the category 
0{^) (notation Section 2.5). It is easily seen that Ok is a Serre full subcategory of 
Ok- 

Lemma 7.1.1. 

(i) Any Verma module M{X), with A G t)^, belongs to Ok- 

(ii) Any simple module L{X), with A e f)^, belongs to Ok 

(iii) Any object of O^ belongs to Ok- 

(iv) Any object of O'^ belongs to Ok - 

Proof (i) Certainly fi_|- acts locally nilpotently and i) acts semisimply on M(A). We 
have to show that each M{X)d, d S C, is finitely generated over g. But this follows 
from the PBW theorem, (ii) and (iii) follow from (i). (iv) The category 0{g) 
is closed under taking (graded) duals. Hence Ok is closed under taking (graded) 
duals. Therefore (iv) follows from (ii). □ 

Let dp be the Scrrc full subcategory of Ok consisting of objects that belong to 
both Ok and Of^- Then by Lemma 7.1.1, P<x{iJ,) and I<\{fi), with < A, belong 

to df\ 

From the following assertion it follows that every object of Ok can be obtained 

as an injcctivc limit of objects of Ok- 

Proposition 7.1.2. Let M be an object of O^^ with A G [)^. Then th ere exists a 
sequence Ml C Ma C Ma . . . of objects of O^^ such that M = IJ., M,. 

Proof. Finitely generated objects of Ok belong to Ok since each projective module 
P<a(m) does. Let = Mq C Mi C M2 C M3 . . . be a highest weight filtration 
of M, so that M = [Jj Mi and each successive subquotient Mi/Mi^i is a highest 
weight module. In particular each M^ is finitely generated, and hence belongs to 
Ok- □ 



REPRESENTATION THEORY OF ^i^'-ALGEBRAS 63 

Lemma 7.1.3. Fix d G C. Then for any object M of O^^ , with A G f)^, there exists 
a finitely generated suhmodule M' of M such that {M/M')cii = for all d' > d. 

Proof. Let V = {vi,V2, . . . } be a set of generators of M such that (1) each vi is a 
weight vector of weight € [)*, (2) if we set Mi = J2r=i U{Q)vr (and Mo = 0), 
then each Mi/Mi-i is a highest weight module with highest weight jn. (so Mi C 
M2 C . . . is a highest weight filtration of M). Then by definition > = 
fx} <[M : L(^)] for ^ G f)*, where [M : i(/i)] is the multiplicity of L{^) in the local 
composition factor of M . Let 

(301) V>d = {vJGV\{^lJ,T>)>d}clr. 

Then we see from the definition of Ok that 'P>d is a finite set. Thus M' = 
Swe'P><i ^(f )^ ^ satisfies the desired properties. □ 

7.2. Cohomology of Top Parts. Let M be an object of Ok such that M = 
©d<do ^0 ^ ^- '^^^^ t)y (159) we have C(Ln_ , M) = C(Ln_ ,M)d, 

~ d<do 

where C(itl_, M)^ = {c e C(Ln_, M); Dc = rf}. Thus one has the following asser- 
tion. 

Lemma 7.2.1. Let M be an object of Ok- Suppose that M = Md for some 

d<do 

do e C. Then H'_{M) = H'_{M)d. In particular, if* (M) = H*_{M)d 

d<do d<(A,D> 

for any object M ofO^^. 

Recall that Hi{M) = Hi{n-,MiSiC^_) = iJj(M(g)A(tl_), Q_) (notation Section 
2.5). 

Lemma 7.2.2. Let M be an object of O^^ with X € f)j^. Then, we have 



F_i(M<;,,D>) fori<0, 
fori> 0. 



Proof. Because M is an object of O^^, we have 

Since J^o = span{V'-ai (0) . • . i'-ar (0)1; cti € A+} c and J^o is naturally identified 
with A(fi_). Thus we have 

(302) C(in_,M)<;,,D) = M(^,D)OA(n_) = (7(Af<A,D>) 

(see (46)). It is easily seen that the action of Q_ on C{Ln-, M)i^x,d) = C{M(^x,d)) 
coincides with that of Q-. This completes the proof. □ 

We identify 3f)(/^fc(fl)) with Z{g) through Theorem 4.16.3 (ii). 

Proposition 7.2.3. For each X G 1)^ we have the following isomorphisms of 
3i){^k{Q)) -modules 

(i) ifi(M(A))top = Hi{M{X))^x,u) - ' 

(ii) ifi(L(A))<,,D> = 




ifij^O; 

if i = and X Gl)* is anti-dominant, 



otherwise; 
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(iii) ifi(M(A)*)top = Fi(M(A)*)(;,,D) = 

Proof. First, we have 

(303) 7A°ttlz(g) =7-«,o(A)' 
which can be shown in the same manner as Lemma 5.5.2. 

Next we have M(A)top_=_M(A)(A,D> = M(A), i(A)top = i(A)(A.D) = i(A) and 
-^(A)top = D) = M{\)* as 0-modules. Therefore the assertion foUows from 

Theorems 2.5.6, 2.5.7 and Lemma 7.2.2. □ 

7.3. A Technical Lemma. We need the foUowing assertion for the later argument 
(because the category O^^ is not Artinian in general). 

Lemma 7.3.1. Fix A e f)^ and d G C. For any object M of O^^ we have the 
following: 

(i) There exists a finitely generated suhmodule M' of M such that H*_{M)(i = 
H*{M')d. 

(ii) There exists a finitely generated suhmodule N of M* such that H*_{M)d = 
H'_iN*)d. 

Proof, (i) Let M' be a finitely generated submodule of M as in Lemma 7.1.3, so 
that 

{M/M')d, = for all d' > d. 

Prom the exact sequence — > M' — > M — > M/M' — > 0, we get the following long 
exact sequence: 

(304) > H'sHM/M') Hi{M') Ht{M) Ht{M/M') ^ ■■■ . 

Clearly, the restriction of (304) to a D-eigenspace remains exact. We arc done by 
Lemma 7.2.1. (ii) Similarly as above, let be a finitely generated submodule of 
M* such that {M*/N)d' = for all d' > d. Then {M*/N)l, = for all d' > d. 
Therefore H'_{{M* /N)*)d' = for all d' > d hy Lemma 7.2.1. The assertion 
follows by considering the long exact sequence corresponding to the exact sequence 
^ {M*/N)* ^ M ^ N* ^0. □ 

7.4. Estimate of D-Eigenvalues. For M e Ok, let H,{M) = ^^^^H,{M)d. 
where H,{M)d = H,{Md). 

Proposition 7.4.1. 

(i) Let M be an object of Ok. Then Hi{M) = for i ^ and Ho{M)d is 
finite-dimensional for all d gC 

(ii) For each object M of Ok we have Hi{M) = with i ^0. 

Proof, (i) follows from Lemma 2.5.2 and Theorem 2.5.6. (ii) follows from (i) and 
Proposition 7.1.2 since a homology functor commutes with injective limits. □ 

Theorem 7.4.2 (cf. [2, Proposition 7.6]). Let A e [)^. 

(i) ([27]) Let M be an object or O^^. Then each eigenspace H^_{M)d, with 
d gC, is finite-dimensional. 

(ii) For each object M of O^^ we have W_{M)d = unless \i\ < (A, D) - d. 



C, 



ifi = 0, 



ifi¥=0- 
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Proof. Because Ln_ n 0- = (n_(g)C[t ^) ©n_, the space A" (Ln_ Hg-) decom- 
poses as 

A"(in_n0_)= A'(n_0C[i-^]i-^)(g)A^(n_) Vn. 

Thus by (154) the space = 0„gz-^" decomposes as 
J^ = A^ (Ln_/n_)(g)A(n_), 
JT" = A^+P(Ln_/n_)0A-«(n_), 



p+q=n 



where 

(305) A"^ (Ln_/n_) = A^+f (Ln_/n_), 



(306) A^+P(Ln_/n_) := A\h+^C[t-^]t-^)0A\n-®C[t-^]t-^). 



i—j^p 



Let M e Ol^. Put C" = C"(Ln_,M) and set 

F^C" := MoA^f +'(Ln_/n_)0A^'(n_). 

Then 

(307) • • • D F^C" D Ff+lC" D • • • D F"+dinifi-+l(^n ^ 

(308) C" = |JfpC", 

p 

(309) Q_FfC" c FfC"+^ 

Thus there is a corresponding converging spectral sequence Er H'_{M). This is 
the semi-infinite analogue of Hochschild-Serre spectral sequence for the subalgebra 
n_ C in_. 

By definition we have 



(310) Ff'« = 
Hence by Proposition 7.4.1 it follows that 

(311) £f« = 



H_q{M)®Af+P{Ln-/n-) for g < 0, 
for 5 > 0. 



Ho{M)®A'^+P{Ln-ln-) for g = 0, 
for g ^ 0. 



Therefore we have 

dimi?l(M)(;,,D>-d< dini(i?r^)(A,D>-d = dim(i5i'°)(;,,D>-d 



P+q=i 



(312) = dim^o(M)<;,,D>-d'-dimA^+'(Ln_/tl_)_d.., 



(i'+(i"=(i 

<i',(i">0 
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where A 2'+*(Ln_/n_)d = {w € A'2'+*(Ln_/n_); Dw = du)}. But we have 

(313) diniA'r+'(Ln_/n_)_d < oo for all d, 

(314) A'^+\Ln-/n-)-d = if d<\i\ 

which follows immediately from the definition (306). 

By (312) and (314) we have H\M)^x,T>)-d = for < \i\. This shows (ii). 
Further, if M G then by Proposition 7.4.1 Hq^M)^ is finite-dimensional for all 
d. Therefore (312) and (313) give the assertion (i). □ 

Recall the category i^(#/£(fl)) defined in Section 5.5. 

Corollary 7.4.3. The Wk{g)-module H^{M), with M e Ok, belongs to i^(#fc(0)). 

7.5. Images of Verma Modules and their Duals by the "— " Reduction. 

The following assertion is essentially due to [25], because its proof is the same as 
Theorem 4.11.1. 

Theorem 7.5.1 ([2, Theorem 5.7]). Let A e f)^. The cohomology Hi{M{X)) is 
zero for all i ^0 and there is an isomorphism H^{M{X)) = M(7_^^(;^)). 

Remark 7.5.2. 

(i) The fact that H"_{M{X)) = M{-y_^,^^^^^) is not cxpHcitly stated in [2], but 
it easily follows from the proof of [2, Theorem 5.7]. In fact by using exactly 
the same argument as Section 4.8, it can be proved in the same manned 
as Proposition 5.2.2. 

(ii) We have H°{M{w o A)) ^ M(7_^^(X)) for all w€W. 

Theorem 7.5.3. Let A G f)^. The cohomology Hl{M{X)*) is zero for all i ^ Q 

and there is an isomorphism H'^{M{\)*) = D(M.(j^)). 

The proof of Theorem 7.5.3 is given in Section 8. 
Theorem 7.5.1 in particular implies the following assertion. 

Theorem 7.5.4 ([2, Theorem 8.1]). Let X, n G 1)1 such that jj. < X. The cohomology 

W_{P<\{^)) is zero for all i 0. 

Similarly, the following assertion follows from Theorem 7.5.3. 

Theorem 7.5.5. Let A, /x € f)^ such that /i < X. The cohomology H^_{I<\{^)) is 
zero for all i ^0. 

7.6. Results for the "— " Reduction. The following result generalizes [2, Main 
theorem (2)]. 

Theorem 7.6.1. For any object M of Ok, the cohomology W_{M) is zero for all 
i ^ 0. 

Proof. We may assume that M € ObjOf^ for some A G ()^. Also, by Proposition 
7.1.2, we may further assume that M G ObjOf^, since the cohomology functor 
commutes with injective limits. Clearly, it is sufiicient to show that W_{M)4 = 
for i 7^ with each d G C. 

First, we show that W_{M)cl = for all i> 0. By Lemma 7.3.1 (1), for a given 
d, there exists a finitely generated submodule M' of M such that 

(315) Hi (M)d = Hi (M')d for all i G Z. 
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Because M' is finitely generated, there exists a projective object P of the form 
0[^j P<\{m) and an exact sequence 

in O^^. As the corresponding long exact sequence we obtain: 

(316) > Ht_ (P) ^ Ht_ {M') {N) H'+^ (P) ^ . . . . 

Hence, it follows that W_{M') ^ W+'^{N) for all i > 0, by Theorem 7.5.4. There- 
fore, we find 

(317) H'_ (M)d = H'+^ {N)d for alH > 0, 

by (315). But then, because N G ObjOf^, we can repeat this argument to find, 
for each r > 0, some object A^,. of O^^ such that 

(318) Hi{M)d = H'+''{Nr)d foralH>0. 

By Theorem 7.4.2 (ii), this implies that Hi{M)d = for i > 0. 

Next, we show that iJi {M)d = for all i < 0. (The argument is parallel to the 
above.) By Lemma 7.3.1 (ii) there exists a finitely generated submodule V of M* 
such that H^{M)d = H^{V*)d for all i gZ. Because V is finitely generated, there 
exists an injective object / of the form 0[^i I<\{fn) and an exact sequence 

in . Considering the corresponding long exact sequence, Theorem 7.5.5 gives 
H'_{V*) ^ H!_-\L) for all i < 0. This shows that Hi{M)d = H!r\L)d for all 
i <0. By repeating this argument we find that W_{M)d = for all z < 0. □ 

Corollary 7.6.2. The correspondence M H^{M) defines an exact functor 
from Ok to y^(0)-adMod. Its restriction gives the exact functor H^{?) : Ok 

Theorem 7.6.3. Let A S f}^. There is an isomorphism 

jjo ^ |l(7-u,o(a)) e fl* is anti-dominant, 

1 otherwise. 

Proof. Because L(A) is a quotient of M(A), the exactness of the functor iJ°(?) 
(Corollary 7.6.2) imply that there is an exact sequence of >^(0)-modules 

(319) H^{M{X))^ H°{L{X))^0. 
By Theorem 7.5.1 we have 

(320) ifO(M(A))-M(7_^,(X)). 

Thus H^{L{\)) is generated by (M(A))top over Wk{Q). By Proposition 7.2.3 (i) 
iJ°(M(A))top = iJ°(M(A))(A,D>- Because (319) is D-equivalent, H°{L{X)) ^ ii 
and only if H^{L{X))^x,d) 0- Hence, by Proposition 7.2.3 (ii), it follows that 
(L(A)) is nonzero if and only if its classical part A is anti-dominant. 
Next suppose that A is anti-dominant, so that iJ° (L(A)) ^ 0. Because L{X) is 
also a submodule of M(A)* , by Theorem 7.5.3 and Corollary 7.6.2, there is an exact 
sequence of y^(fl)-modules 

(321) ^ Hl{L{X)) ^ D{M{tx)). 
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By Theorem 5.5.4 (iii), it immediately follows from (319), (320) and (321) that 
ifO(L(A))-L(7_^,(X)). □ 

Recall that a weight A e f)* is called principal admissible [38] if (1) A is regular 
dominant, that is, (A + p,a^) ^ Z<o for all a e A!;!, and (2) A(A) ^ A™ as root 
systems. 

Let Prfe be the set of principal admissible weights of level k. A principal ad- 
missible weight A is called non-degenerate [39] if (A + p, a^) ^ Z for all a G A, or 
equivalently, if A is anti-dominant. Let Pr^°'^'^°^ denote the set of non-degenerated 
principal admissible weighs of level k. 

Corollary 7.6.4 ([27, Conjecture 3.4_]). Let A G Prp^'^s 

(i) ([2]) The cohomology W_{L{\)) is zero for all i ^ 0. 

(ii) There is an isomorphism H^{L{\)) = -w^iX)) ■ 

Remark 7.6.5. 

(i) It is clear from Theorems 9.1.3 and 9.1.4 that H*{L{X)) = for PrkXPrl"""^"^ , 
as stated in [27] (without a complete proof). 

(ii) It is known [39] that Pr^°"<i«e ^ jf ^^d only if 

(322) fc + /i^=p/gGQ, ip,q) = l, p>h^, q > h, ((Z,r^) = l, 

where h is the Coxeter number of and is the lacing number of g. In 
this case set 

where w{\, //,) = {wX, wfi) for w G W-f, P^_|_ is the set of integral weights 
of level p — and P'^'^~^ is the integral coweights of level q — h: 

Pr+^^ = {A G l};_^v ; (A, a") G Z>o for all a G A!^}, 

Pl\-'' ^{p& r.-h. e Z>o for all a G A^}. 

Then there exists a bijection 

T^x/p,, ^ Prr'^^s 
(w, (A,/x)) 1-^ woAa,^, 

where 

Aa,/. = X-{k + hy){ii + p^) + {k + h'')Ao. 

Note that vack = A{p~h^)Ao,{q-h)Ao- 

By_ Corollary 7.6.4 we have H°_{L{w o A^,^)) = H^{L{Ax,f,)) for all 
w G W, (A, /i) G Ip^q. Moreover all the simple modules 

(323) {if°(L(AA,^));(A,/x) G/p,J 

are non-isomorphic. This is all explained in [27]. 

It is natural to expect that L(7vack) is rational and (72-cofinite, and the 
above set (323) are exactly the isomorphism classes of simple L(7vack)- 
modules. 

(iii) It is clear that our results also apply to non-principal Kac-Wakimoto ad- 
missible representations, see [27, Remark 3.4. (c)]. 
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7.7. Characters. For an object M oi Ok, define the integer [M : M{n)] by 

(324) chM = ^ [M : M(/x)] chM(/i), 

where chM is the formal character of M: M = ^^et)' diniM'*'. It is well-known 
[41, 13, 42, 43] that the coefScient [L{X) : M{^j] is expressed in terms of Kazhdan- 
Lusztig polynomials provided that k ^ — /i^, see the formula [44, Theoreom 1.1]. 

The following assertion follows immediately from Proposition 5.6.6, Theorems 
7.5.1, 7.6.3, Corollary 7.6.2 and Remark 5.5.5. 

Theorem 7.7.1. Let k ^ — /i^ and A e f)^. Suppose that the classical part X of X 
is anti- dominant. Then we have 

)=^[i(A):M(M)]chM(7 

ft 

or equivalently, 

chL(7x) = ^[L(A) : M(m)] chM(7^), 

= ^[L(A) : M(/x)]gl^+^lV2(fe+''")^(5)-'. 

Theorem 7.7.1 gives the character formula of all L(7^). 
Remark 7.7.2. 

(i) Using the vanishing of cohomology one may also apply the Euler-Poincare 

character method [27] to obtain Theorem 7.7.1. 

(ii) By setting the formal character chff°(M) := J^^^^q'^ dim H'^{M)d for 
M € Ok we obtain the formula 

chifO (L(A)) = ^[L(A) : M(/x)]g<''-°) - q-'^' 

which is valid even at fc = —h^. If fc = —h^ then by Proposition 5.6.3 we 
have^ 

(325) ^[L(A) : M(/x)]g<'''°> ^{l - g"')"' = g<^'°> 

H i>l 

if if A is anti-dominant, and Y.^[L{>^) ■ M {ii)]q<i''^'^ U.i>i{'^ - Q~')~' = 
if A is not anti-dominant. 

8. Proof of Theorem 7.5.3 
In this section we prove Theorem 7.5.3. Fix fc e C and A G f)^. 



"For an application of the formula (325), see [T. Arakawa, A new proof of the Kae-Kazhdan 
conjecture, International Mathematics Research Notices Volume 2006 (2006), Article ID 27091, 5 
pages], which appeared while the present article was being refereed. 
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8.1. Preliminaries. The following elementary fact has been already used in this 
article and will be frequently used in the sequel. 

Lemma 8.1.1. The correspondence M i— > Homc(M, C) defines an exact cofunctor 
from the category of finite- dimensional vector spaces to itself. 

The following assertion will be also often used. 

Lemma 8.1.2 (the universal coefficient theorem). Let C = cochain 

complex of vector spaces, Q its differential. Let = (C^)* = 

Hom(C~*,C). Then can be regarded as a cochain complex with the differential 
, where {Q^ f ){c) — f{Qc) with f G C^, c G C. If C is finite- dimensional then 

(326) W (C^ ) = Rom{H-' (C) , C) 
for all i. 

For a semisimple CD-module M we set 

(327) Md = {mG M; Dm = dm}. 

If dim Md < oo for all d wc write 

(328) D(M) := Homc(Md, C). 

Recall the cochain complex {K{X),Q'_^) with X G t)* (see Section 5.2). In view 
of Lemma 8.1.2, we have 



(329) W{D{K{X))) = D{H-\K{X))) = 



D{H^\K{X))) fori = 0, 
for i 7^ 



by Proposition 5.2.2, where D(i^(A)) is considered as a subcomplex of the dual 
complex {K{Xy,{Q'^y). 

The space D{K{X)) is a Cfe(g)"-modulc through the anti-superalgebra isomor- 
phism ^{CkigY^i^) ~* ^(C/c(fl)oid) induced by the anti-Lie superalgebra isomor- 
phism in Proposition 3.9.1, with respect to the (old) Mobius conformal structure 
{T*,— D,T}. We write 0oid for this anti-superalgebra isomorphism. To avoid 
confusion we write ^new for the anti-superalgebra isomorphism il(Cfe(0)^g^) ^ 
il(Cfc(0)now) '^ith respect to the Mobius conformal structure {Tj^^,^, — Dnew, T"}- 

By (199) the CA;(g)"jj-modules structure on D(K{X)) gives rise to the #^(0)- 
module structure on H°{D{K{X))) = D{H°{K{X))) through the map (229). Be- 
cause we have 



(330) ^old ° t-pV = t- 



V O I 



it follows that 

(331) D{H°{K{X))) - D{M{tx)) 



as >^(g)-modules. 
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8.2. Identification with Duals. For any semisimple f)-module M such that 

is finite-dimensional for all A, we write M* for the linear space 0_j^ Homc(M'^, C), 
as in (143). 
Let 

(332) (•lO.Tr : JTx JT^ C 
be the symmetric bilinear form defined by 
(1|1)^ = 1, 

(^/'a(n)wi|w2)j^ = -\/^{oJi\ip-a{-n)u}2)j^ for a e A+, n e Z, oji e J^,co2 & 
(■^i'_a(n)a;i|a;2)^ = \/^(wl|V'a(-'^)w2):F for a e A+, n e Z, 

(recall Section 4.4). Then the form (•|-):r is non-degenerate. Indeed its restriction 

to (JF*)^ X {T'^')^ is non-dcgcncrate for each i G Z and /i G f)*. 

Let M be an object of Ok- One may identify C(Ln_, M*) with C(Ltl+, M)* via 
the linear isomorphism 

(333) C(Ln_,M*) = M*0jr C(Lil+,M)* = (MOJT)* 

I— > (m(g)a;' i— > /(m)(a;|a;'):F)- 

Under the identification (333), we have 

(334) (x/^g_0)(c) = m'+c) 

for ^ e C(LtT+,M)* = C(iii_,M*) and c e C(Lti+,M), where Q\ is defined in 
(233). Thus, in view of Lemma 8.1.2, the cochain complex (C(Lti_, M*), QS) may 
be identified the subcomplex C(Lfi+,M)* of (C(Lfi+,M)^, Xq'+T)- 

Wo would like to apply the formula (326) to the case that M = M (A) , but unfor- 
tunately the complex {C{Ln+, M(A)), Q'_^_) is not a direct sum of finite-dimensional 
subcomplexes. 

Remark 8.2.1. We have H'{C{Ln+, M),Q'^) ^ Hl{M) in general. Indeed, the 

cohomology H"*(C(Ln+, M), Q'_^_) is zero for all i and M G Ok, because Ja(0), with 
a Gil, acts locally nilpotently on M ([27, Theorem 2.3]). 

Under the identification C(Ln_,M*) = C{Ln+,M)*, the action of Wk{s) of 
H^{M*) induced by the following CA;(g)n(,^-module structure of C{Ln+, M)*: 

(335) [u ■ /)(c) = f{eMt-P^ ("))c) - /(^-pv (encw(w))c) 
for u e il(Cfe(0);(,^), / G C(Lti+, M)* and c e C(Lii+, M). 

8.3. The First Reduction of the Computation of H*_{M{X)*). Below we 
mainly consider CkisY^i^, so if no confusion can arise we write just Cfc(g)" for 

The cochain complex C{Ln+,M{X)) = M{\)®J^ is endowed with the grading 
defined by D: C(Ln+,M(A)) = 0^ C(Ln+, M(A))d. As a Cfe(0)-module 

(336) C{Ln+, M(A))top = C{Ln+, M(A))(a,d) = M(A)(^A(tt_). 

Let C+(A) be the Cfe(0)"-submodule of C{Ln+,M{X)) generated by the vector 
|A): 

(337) C+(A)=ii(C,(fl)")-|A), 
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where |A) = v\(^l and vx is the highest weight vector of M(A). By definition C+(A) 
is linearly spanned by the vectors 

Jai {mi)... Ja^ {mr)tpai (m) • • • t/jas A) 

with ttj e A_ U 7, aj e A_, mi,ni G Z. Clearly, 

(338) C+(A)= C+(A),, 

d<(A,D) 

(339) C^+(A)top - C(Lta+,M(A))top = Ai(A)®A(ta_). 

Remark 8.3.1. By considering the filtration induced by the standard filtration of 
Cfe(fl)") one sees that 

(340) C+(A) ^ 5(n_(g)C[t-^] e ^(g)C[i-^]i-^)(g)A(il_0C[t-^]). 

Proposition 8.3.2. We have Qf-C+{X) C C+(A) andx'+-C+{X) C C+(A). /fence 
Q:^-C+(A) C C+(A), i/iai is, (C+(A),Q^) is a subcomplex o/(C(Ln+,M(A)),Q'+)- 

Proof. The assertion that Q*^ • C+{X) C C+(A) follows from the third and the 
fourth formulas in Lemma 4.8.2 and the fact that (5+ • |A) = 0. The fact that 
X+ • C'+(A) C C+(A) is obvious because this is an inner action of Cfc(fl)". □ 

Remark 8.3.3. Note that x+ • |A) 7^ 0. 

The space C{Ln+, M{X)) is a direct sum of finite-dimensional weight spaces 
C(M+,Af(A))^ with ^ e f)*, and so is C+(A). Thus the inclusion C+(A) 
C(Lfi+,M(A)) induces the surjcction 

(341) C{Ln-,M{Xy) = C{Ln+,M{X))* -» C+(A)* 

by Lemma 8.1.1. The map (341) is a cochain map if we consider C+(A)* as a cochain 
complex with the differential Q-, where {Q-<j)){c) = (f){Q'_^c) for <j) & C+(A)* and 
c G C+(A). The map (341) is also a lI(Cfe (g)"(,^^,)-module homomorphism, whose 
action is given by (335). Thus the map (341) induces a homomorphism of Wkig)- 
modules 

(342) H'{M{Xy) H'{C+{X)*). 

Proposition 8.3.4 ([2, Proposition 6.3]). The map (342) gives the isomorphism 
i?*(M(A)*) ^ H*{C+{X)*) of Wk{Q) -modules. 

Remark 8.3.5. One can use the argument of Section 4.8 to prove Proposition 8.3.4. 
8.4. The Assertion to Be Proved. 

Proposition 8.4.1. There exists an exhaustive, decreasing filtration 

F : • • • D FfC+(A)* D VP+^C+{Xy • • • D V-^C+{Xy D F°C+(A)* = 
of C^{Xy such that 

ii(Cfc(0);:,„) • fpc+{xy c fpc+{xy, 

Q- ■ fpc+{xy c Ffc+(A), D • fpc+{xy c FPc+{xy 

for all p, and the associated spectral sequence Er => i?*(C+(A)*) = if* (M(A)*) 
satisfies the following: there exists a Wk{Q)- equivalent isomorphism of cochain maps 

(343) ^ I)(M(7x))®(£;?'«)(;,,D> forallr>l. 
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Here -D(M(7j^))(g)(iJ^''^)(;)j d) *s considered as a cochain complex with the differential 
l0dr and as a Wk{Q)-module on which #fe(0) acts on the first factor Z)(M(7-^)). 

Let us show that Proposition 8.4.1 implies Theorem 7.5.3. 

Here and after, for a decreasing filtration F = {F^M} of a superspace M we 
write grp, M = Q^^^ gr^ M,gT:PpM = PPM/PP+^M. 

Because F is compatible with the action of D, each Ej- is a direct sum of D- 
eigenspaces: 

(344) Er = 0(S,)d. 

dec 

Thus {Er)d converges to H*_{M{X)*)d.: 

(345) {Er)d^ H*{C+{X)*)d = H'_{M{X)*)d for each d e C. 

Also, because F is a filtration of Cfc (g)"-modules, it follows that each E^''' is a 
#fe(g)-module. In particular 

(346) E^^grpH*{C+{X)*) as ^fc(fl)-modules. 

Here, fPH*{C+(X)*) = Im{H*(fPC+(X)*) H*{C+{X)*)). 

By (345) and (346), we have the linear isomorphism © (-Egi«)d = -H"!!(M(A)*)d 

p+q=n 

for all d. In particular by Proposition 7.2.3 (iii) we have 



(347) 0(i;ps"-f )^, ^ if"(M(A)*)top = 



C if n = 0, 
otherwise. 



Because 0p_|_q=o(-^oo" ^)(a,d) is one-dimensional, it follows that there exists po Gl, 
such that 



(348) {E^J)ix,n) = 



C if p = po and q = —po 
otherwise. 



But by (343) we have 

(349) EPJ^D{M{TxmEPJ)^^^j,^, 

and therefore there is the following isomorphism of >^(g)-modules: 



(350) EP^ 



iD{M{Tx)) iHp,q) = {po,-Po), 
1 otherwise. 



This immediately gives H^{M(X)*) = for z ^ 0. Also, because the term E^o lies 
entirely in EP^-~P", the corresponding filtration of H'^{M{X)*) is trivial. Therefore 
we conclude that 

iJ°(M(A)*)^D(M(7x)) 

as #fe(g)-moduIcs. 

In next sections we shall construct the filtration F satisfying the conditions of 
Proposition 8.4.1. 
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8.5. The Filtration F. The space C+(A)top = M(A)(g)A(n_) is spanned by the 
vectors 

Ja.(0)...Ja.(0)V/3i(0)...#3(0)|A) 

with ai,(3i € A„. 

Note there is a il(Cfe(fl)")-niodule isomorphism 

(351) C+(A) ^it(Cfe(0)")®u(c.(B)")>oC'+(A)top. 

We sliall define a filtration {Fj,C+(A)top} of C+(A)top, and tlicn extend it to a 
filtration {FpC+(A)} of the whole space C+(A). After that, we define the filtration 
{FPC+{X)*} of C+(A)*. 

Set 

(352) FpC+(A)top:= ^ C+(A)i'„p c C+(A)top for p < 0. 

fed* 

Then, FpC+(A)top is a subspace of C+(A)top linearly spanned by the vectors 

Ja,(0)...Ja.(0)V/3i(0)...#3(0)|A) 

With + Ej {^j.p") < P{< 0)- 

The following assertion is a direct consequence of the definition. 

Lemma 8.5.1. Each FpC+(A)top is preserved by the action of Ja{n), tpa{n) with 
a e A_ Li I, a G A_, n > 0. Thus FpC_|_(A)top is a H{Ck{Qy')>o-submodule of 

C+ (A)top • 

Proposition 8.5.2. The following hold: 

(i) {FpC+(A)top} is an increasing filtration of C+(\)top-' 

• • • C FpC+(A)top c Fp_|_iC+(A)top C • • • C FoC+(A)top = C'+(A)top; 

(ii) npFpC+(A)top = 0; 

(iii) For each p, 

Q+ ■ FpC+(A)top C FpC+(A)top, 
X+ ■ FpC+(A)top C Fp_iC+(A)top- 

Hence FpC+(A)top is a subcomplex o/ (C+(A)top, Q'-). 

(iv) The space C-(-(A)top/FpC-f(A)top is finite- dimensional for each p < 0. 

Proof, (i)-(ii) are easily seen, (iii) The first inclusion follows from the fact (5+ 
preserves weight spaces with respect to the action of 1^. The second assertion has 
been already seen in Lemma 8.5.1. (iv) is obvious. □ 

Let FpC+(A) with p < be the Cfe(0)"-submodule of C+(A) generated by 

FpC+(A)top: 

(353) FpC+(A) := il(Cfe(0)") • FpC+(A)top. 
By Lemma 8.5.1, FpC+(A) is spanned by the vectors 

Jaii-mi) . . . Ja,(-TOr)V'/3i(-"l) "0/3, (-»^s)«, 

with a e A_ U J, /3j G A_ mi,ni > 0, v £ FpC+(A)top- Further, by (351), there is 
a Cfe(0)"-module isomorphism 

(354) FpC+(A) ^il(Cfe(fl)")®u(c.(s)")>oFpC'+(A)top. 
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The following assertion follows from Proposition 8.5.2 and (354). 

Proposition 8.5.3. The following hold: 

(i) • • • C fpC+i\) C fp+iC+iX) C • • • C FoC+(A) = C+(A); 

(ii) npFpC+(A) = 0. 

(iii) Each CpC+{\) is a subcomplex of {C+{X),Q'^): 

Qf ■ FpC+(A) c FpC+(A), x'+ ■ FpC+(A) c fpC+{X); 

(iv) The space (C+(A)/FpC+(A))d is finite- dimensional for all p and d. 
Define 

(355) fPC+{Xr ■.= {C+{X)/fpC\{X)r. 

This is a Cjt;(fl)"-submodule of C+(A)*. By Proposition 8.5.3 (iii), we have 

(356) g_ • FfC+(A)* C FPC+{Xy for all p. 

Also, it is clear that F^'C+(A)* is preserved by the action of D. 
The following assertion is a consequence of Proposition 8.5.3 (iv). 

Lemma 8.5.4. The space f^C^lX)^ is finite- dimensional for allp, d and we have 
fPC+{X)* = D(C+(A)/FpC+(A)) as suhspaces o/ Hom(C+(A), C). 

By definition we have exact sequences 

(357) ^ FPC+(A)* ^ C+{XY (FpC+(A))* ^ 0, 

(358) -> FPC+(A)* ^ Ff-iC+(A)* ^ (FpC+(A)/Fp_iC+(A))* ^ 0. 
These arc cochain maps by Proposition 8.5.3 (iii). 

Proposition 8.5.5. The F^ = {F^'C+(A)*} gives a decreasing, separated, exhaus- 
tive filtration of the Ck{Q)" -module C+(A)*; 

• • • D FPC+(A)* D fP+^C+{Xy D • • • D F°C+(A)* = 0, 

C+(A)*=UFfC+(A)*. 

p 

Proof. We need only to show that that F^' is exhaustive. For this, it is enough to 
show that 

(359) {c+{xrr = \jiFPc+{xrr 

■p 

for each /i. By Proposition 8.5.3 (ii), Hp FpC+(A)'' = 0. Therefore, there exists p 
such that FpC+(A)'' = 0, because C+(A)^ is finite-dimensional. Thus (C+(A)*)^ = 
(FPC+(A)*)'', and this proves (359). □ 

By Proposition 8.5.5 and (356) we obtain the converging spectral sequence cor- 
responding to the filtration {fPC+{X)*}: 

(360) H*{C+{Xy)=^H*_{M{X)*) 

By definition, 

(361) Ef''' = HP+^igT;C+iXr,Q^). 

We shall show our spectral sequence (360) satisfies the property (343) in Propo- 
sition 8.4.1 in next sections. 
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8.6. Computation of the Term (-Ei)top- First we compute (-Ei''')(a,d) • By def- 
inition, 

(362) {En(x,u) = H^+\gv; C+(A):„p). 
We have: 

(363) FfC+(A):„p = (C+(A)/FpC+(A)):„p = (C+(A)top/FpC+(A)top)*, 

(364) gr^ C+(A):„p = (gr^^^ C+(A)top)*, 
by (358). By Proposition 8.5.2 (iii), 

(365) 01* • FPC+{X)l^ C F^C+{X)l^ X- ■ f'C+{X)l^ C FP+^C+{X)1^. 
Hence 

(366) {Er)ix,n)= HP+'^{C+{X)l^,Q^lr, 

by (352), because Q!! commutes with tlie action of f). Therefore, we can apply 
Lemma 8.1.2 to get: 

(367) (i^r)(A,D>= /f-^-''(C+(A),%,0?)* 

*< 

{M,pV> = _p_l 

On the other hand we have the following assertion, which is easily seen from 
(339). 

Lemma 8.6.1. The complex (C+(A)top, 0+) is identical to the Chevalley complex 
for calculating the Lie algebra cohomology H*{n+,M(X)): 

H-(C,(A).„,«Jr=(f("-"W>' 

10 for t <0. 

As is well-known. H'{n+, M(X)y = unless fxeW oX. Thus by Lemma 8.6.1 
it follows that 

(368) i?*(C+(A)top,0+)'' = unless M e Tl^ o A. 

8.7. Computation of the Term Ei. By Lemma 8.5.4, each FPC+(A)* is a di- 
rect sum of finite-dimensional subcomplexes FpC+(A)2, and thus so is the complex 
gr^C+(A)*. Hence we have 

gr^C+(A)* ^ (gr^^ C+(A))* = D (gr^+i C+(A)) , 
By (358). Therefore, applying Lemma 8.1.2, we obtain the following assertion. 
Proposition 8.7.1. There is an isomorphism 

Sf'«-D(F-^'-«(gr^+,C+(A))) 

of Wkis) -modules f^^ each p and q. 

By Proposition 8.7.1 the computation of the term Ei is reduced to the compu- 
tation of the cohomology of the cochain complex (gr"^ C+(A), 0+)- 
By (354) we have 

(369) gr; C+{X) - il(Cfe(0)")®K(c.(B)")>o (^4 (^+Wtop) 
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as Cfe(0) "-modules. Under this identification the action of Q'_^ is described by the 
following formula: 

(370) Q'+{u(^v) = [Q'+,u](g,v + (-l)f("^M0Q^S 

with u € il(Cfc(0)"), V € gr^ C+(A)top. 

Observe that the il(Cfe(0)")>o-module gr^ C+ (A)top is a direct sum of one-dimensional 
representations. Indeed, for a weight vector v £ gr^ C+{X)^^p, we have 

(371) Ja{n)v = il}a{n)v = for a e A_, n > 0; 

(372) J,{n)v = for i e /, n > 0; 

(373) Ji(0)w = (A, Ji)v for i e /. 
Hence it follows that 

(374) gr^C7+(A)S i^(M) C+(A),% 

(notation Section 5.2) as cochain complexes and Cfe(g)"]^-modulcs, where the right- 
hand-side is considered as a direct sum of tensor products of cochain complexes 
{K{ij,),Q'^) and {C+{X)'^^p,Qf), and as a Cfc(0)"jj-module on which Ck{Q)"i^ acts 
on the first factor K{ii). 

By (374) the following assertion follows from Proposition 5.2.2 and (368). 

Proposition 8.7.2. There is an isomorphism 

ffXgr^C+(A))-M(7x)® ff'(C+(A)rop,Q?) 



of Wkis) -modules for all i. Here W{grpC+{X)) is considered as a Wk{Q)-module 
via the map t-pv . 

By (331), (335), (367), (368), Propositions 8.7.1 and 8.7.2 it follows that we have 
(375) ^ D{M{Tx)MEr)^,,j,y 

as /^(g)-modules for any p, q. 

8.8. Computation of the Term Er. The #fe(0) is a vertex subalgebra of CkidY^ew 
(see Remark 4.8.6). Therefore 'Pkis) acts on C+(A) itself, rather than its cohomol- 
ogy, and C+(A)top is a il(#fe(0))>o-submodule of C+(A). By (199) we have the 
cochain map 

.3^g. il-(#',(fl))0(C+(A)top/FpC+(A)top) ^ C+(A)/FpC+(A) 

U(E)V 1-^ t^pW {u) ■ V 

(notation (246)), where ii~(#fc(0))(8)(C+(A)top/FpC+(A)top) is regarded asacochain 
complex with the differential 10QY- Proposition 8.5.2 (iv), 

D(H-(irfe(0))®(C+(A)top/FpC7+(A)top)) ^ D(ii-(5r,(fl)))0FfC(A)r„p. 

Here il~(>^(g)) is considered as a D-module by D • u = [Dnew, w]- Therefore (376) 
induces a cochain map 

(377) FfC+(A)* ^ D(it-(#,(fl)))®FfC+(A)r„p, 

where D{\X~ {Wk{Q)))®^^C+{X)l^p is considered as a cochain complex with the dif- 
ferential i(g)(5-. 
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It is clear the following diagram commutes: 

lt-(#'fc(s))®(C+(A)top/FpC+(A)top) > C+iX)/fpC+{X) 

(378) I 

il-(#fe(0))'»(C+(A)top/Fj,+iC+(A)top) > C+(A)/Fp+iC+(A). 

Thus we have the following commutative diagram of cochain complexes: 

fpc+ixy . D(ii-(5rfe(s)))0Ffc+(A)*„p 

(379) 

fP+'C+iXy > D(il-(rfe(0)))®FP+iC+(A):„p. 

Therefore the map (377) induces the following homomorphism of spectral sequences: 

(380) {Er,dr) ^ {D{ii-{WkmMEr)^x,Ji),l®dr) 

We claim that the map (380) is an isomorphism for r > 1. To prove this it is 
sufficient to show the assertion for r = 1. But for r = 1 (380) is identical to the 
isomorphism (375), under the isomorphism (247). Moreover for r > 1 we have 

(381) Er^DiMiT,)MEr)ix,n) 

as (0)-modules, where (i?^''^)top is considered as the space of multiplicity. Indeed 
this is true for r = 1 by (375), and thus must be true for all r > 1. 

We have shown that the filtration {fPC+{X)*} satisfies the desired property. 
Proposition 8.4.1 is proved. Hence Theorem 7.5.3 is proved. □. 

9. Results for the Functor (?) 
In this section we assume that k ^ —h^. 

9.1. Results for the "+" Reduction. For X G i)l let O^^^ be the Serre full 
subcategory of Ok whose objects have all their local composition factors isomorphic 
to L{w o A) with w G W{X). We have 

(382) Ok= ^ Oi'l. 

where is the equivalent relation defined by A e W{X) o A ([47]). 

Consider the following condition on A e f)]^: 

(383) A+(A)nV(^-) =0- 
Since 

(384) A'^ n tpv (A!!) = {-/? + nS;l3eA+, n = 1, 2, . . . , ht 
this condition is equivalent to 

(385) (A + /9,a^) for all a € {-0 + n5;0e A+, n = 1, 2, . . . , ht /?}. 

Because A{w o A) = A(A) for w e W{X), the condition (383) can be regarded as a 
condition on the block O^^^ . 

The following assertion is straightforward from definition. 

Lemma 9.1.1. Suppose that A e f)^ satisfies the condition (383). 



REPRESENTATION THEORY OF ^i^'-ALGEBRAS 



79 



(i) The correspondence a t-pv(a) gives a bijective map from A+(A) to 
A+(t_pvoA). 

(ii) We have A{t-pv o A) fl A+ = 0. That is, the classical part 

t^pv o A = A - (fc + h"')p'^ e t)* 
is anti- dominant. 

Lemma 9.1.2. Assume that A G ()^ satisfies the condition (383), and let M{w o 
A) ^ M{\), with w e W{X), he a non-trivial homomorphism of Q-modules. Then 

we have {w O A, Dnew) < (A, Dnew)- 

Proof See [2, Lemma 7.5]. □ 
The following result was established in [2]. 

Theorem 9.1.3. Assume that A e f)^ satisfies the condition (383). Let M be an 

object of o]^\ Then the c.ohom,ology H^{M) is zero for all i ^ 0. The correspon- 
dence M 1-^ H^(M) defines an exact functor from oj,^' to #fe(g)-adMod. 

Theorem 9.1.4. Assume that A e satisfies the condition (383). Then there is 
an isomorphism 

Hl{L{\)) S L(7^3;^) = L(7;,_(,+,v),v). 

Remark 9.1.5. 

(i) If A e satisfies the condition (383), then any element of W{\) o A also 
satisfies the condition (383). Thus H'^{L{w o A)) = L( 7^ -vwoa ) ^'^^ 

w G W{X) under the assumption of Theorem 9.1.4. 

(ii) For Q = s[2(C) we do not need any condition on the block, see [3]. 

Corollary 9.1.6. 

(i) ([21]) Let k ^ Q. Then the cohomology H\{M) is zero for all i ^ 
with any object M of Ok and there is an isomorphism H^{L{X)) = 
MTx-(k+h-^)pv) for all A G f)^. 

(ii) Suppose that 

r'^jk^Z fori = l,2,...,/i, 

where h is the Coxeter number of g. Then the cohomology -ff^(L(/cAo)) 
is zero for alH ^ and H^{L{kAo)) is isomorphic to L(7vack) as vertex 
algebras. 

Suppose that Pr^°"'^°s _^ 0^ Then k = p/q — h"^ with some p,q e N satisfying 
(322). Let 

(386) Prfe := { A - (fc + /i^)/x + fcAo; A e P^;''" , m e P^f "''} 

(notation Section 7.6). Then Pr^ is a subset of Pr^ containing fcAo. 

One checks that any clement of Pr^ satisfies the condition (383). Thus we have 
the following assertion, which proves [27, Conjecture 3.4+ (a)] partially. 

Corollary 9.1.7. Suppose that there exists a non-degenerate principal admissible 
weight of q of level k. Let A e Pr^. Then the cohomology H^{L{X)) is zero for all 
i ^0 and there is an isomorphism H^{L{X)) = l'{'y\-(^k+h^)p^)- 
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Remark 9.1.8. From Remark 7.6.5 it follows that there is the surjective map 

Prk - Pr^°"deg 
A I— > t-pv o A. 

Hence ^ Hl{L{tpv o A)) for aU A G Pr^^^'^s a,nd all the isomorphism 

classes in the set (323) can be obtained as the image of the functor H^{?). 

9.2. Proof of Theorem 9.1.4. For M e Ok, let 

(387) Hl{M)d := {[m] G i/;(M); D„ew[m] = d[m]}. 

Then we have H^{M) = ^^^^Hl{M)d. 
First, we have the following assertion. 

Proposition 9.2.1. For each A e f)^ we have the following: 

H\{M{X)) = fori ^ 0; 

i/![(M(A))top = i?![(Af (A))(^,D_) = C|A), 

chHl{M{\)) = chM(7);_(,+,v),-v), 

where |A) = v\®l. 

Proof. See [2, Theorem 5.8] and its proof. □ 

Remark 9.2.2. It is not true that H^{M (A)) = M(7)^_(j.^;jV-)pv) in general (compare 
Theorem 7.5.1). However this is probably true for A that satisfies the condition 
(383). 

Proposition 9.2.3. For any A e we have if°(M(A))top = C^x-(fc+hV)pV 
'b^{''^k{Q))-modules. 

Proof. The assertion follows by observing that C|A) ^ K{t^pv o A)top as 3^(>^(0))- 
modules, see Proposition 5.2.1, Section 5.4 and [2, Proposition 4.2]. □ 

Lemma 9.2.4. Assume that A G f)^ satisfies the condition (383). Then H^{L{X)) 
belongs to ^{Wk{g)) and there is the following isomorphism of 'ii){Wk{Q)) -modules: 

i?+(i(A))top = iI+(i(A))(A,D„ew> - C7x-(fc+ftV)p-v 

Proof. By the exactness of the functor H^{?) (Theorem 9.1.3), we have the exact 
sequence of (fl)-modulcs 

- Hl{N{X)) - Hl{M{X)) - Hl{L{X)) - 0, 

where N{X) is the maximal proper submodulc of M(X). Hence H'^{L(X)) belongs 
to ^(#fc(fl)) because Hl{M{X)) does, by Proposition 9.2.1. To show the rest of the 
assertion, we need only to show that iJ" (^'(A))^^ d„„„) = 0, by Proposition 9.2.3. 
But this follows from Lemma 9.1.2. □ 



Proposition 9.2.5. Assume that A G t)^ satisfies the condition (383). Then we 
have chHl{L{X)) = dciL{j-x-(^k+h^)pv). 



REPRESENTATION THEORY OF ^i^'-ALGEBRAS 



81 



Proof. By the exactness of the functor H^{7) and Proposition 9.2.1 we have 
ch HlmXj) = ^[L(A) : M(m)] ch JJO (M(m)) 

= Y^[LW ■■ chM(7^_(fe+ftv)^-v). 

On the other hand one knows from Theorem. 7.7.1 and Lemma 9.1.1 that 
chL{Tx-(k+h-)p-) = Y.^L{t-pv o A) : M{fi')] chM{j^,). 

Hence one needs only to show that 

(388) [L{X) : M(/x)] = [L{t-pv o A) : M(t_pv o fj,)] for any /x 

under the condition (383) on A. But this foUow from Lemma 9.1.1 and the character 
formula [44, Theorem 1.1] of L(A). □ 

Proof of Theorem 9.1.4- By Lemma 9.2.4 there is a non-trivial #fc(g)-module ho- 
momorphism from ^{jx-i^k+h^jp--') to H^{L{X)) that sends |7A-(fe+?iV)pv) to |A). 
But then H^{L{X)) must be isomorphic to L(7A-(fe+?iV)^v), by Proposition 9.2.5. 

□ 

Appendix A. Compatible Degreewise Complete Algebras 

A.l. Linear Topology. Let J^o 3 J^i D . . . be a decreasing sequence of linear sub- 
spaces of a vector space V. A linear topology define by is a topology on V such 
that the set {v + J^n', iV G N} forms a fundamental system of open neighborhoods 
ofv gV. The closure of a subspace U CV is given by f]j^{U + J^n)- A completion 
V oiV with respect to the linear topology defined by is the projective limit 

V = \\mV/J'N 

N 

with the projective limit topology induced from the discrete topology on each 
V/J^N- The topology on V coincides with the linear topology defined by J^n, 
where .^n is the kernel of the natural map V — > V/J^n- The following assertion is 
well-known (sec e.g. [53]) 

Theorem A. 1.1. Let V a vector space equipped with the linear topology defined 
by a decreasing sequence { J^n} of subspaces. Let U dV and give U and V/U the 
induced topology. Then we have the exact sequence F —> U/V — > and 

U coincides the closure of the image ofU inV. 

A. 2. Compatible Degreewise Complete Algebras. Following [54], by a com- 
patible degreewise topological algebra we mean a Z-graded algebra A = ©^gz^d 
satisfying the following: 

(i) each Ad equipped with a topology and the multiplication map A^ x A^' 

Afi+d' is continuous with respect to this topology; 

(ii) the topology of Aj, coincides with the linear topology define by ^N{Ad) 
with A'' > max(0, d), where J^jv(^d) is the closure of X^^^jv ^d-rAr in Ad- 
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Further, if A is degreewise complete, that is, if each Ad is complete, then A is called a 
compatible degreewise complete algebra. The degreewise completion of a compatible 
degreewise topological algebra is ^ = ^^ei. ^.^ where each A4 is the completion 
of Ad-. 

Ad = \im Ad /J'Ni Ad). 

N 

Then ^ is a compatible degreewise complete algebra. By definition A is degreewise 
complete if and only if A = A as compatible degreewise topological algebras. 
Let A = 0^gz ^-graded algebra. The standard degreewise topology 

of A is the the linear topology defined by the sequence 0dgz (j2r>N -^d-r-^r^ ■ 
This makes A a compatible degreewise topological algebra. The corresponding 
degreewise completion ^4 of A is called the standard degreewise completion. 

Let J = 0dgz -^rf be a graded subspace of a compatible degreewise topological 
algebra A. The sum J of the closures Jd of Jd in Ad is called the degreewise closure 
of J. If J is an ideal then J is also an ideal of A. Further, if A is complete then 
J is the degreewise completion of J with respect to the relative topology induced 
from A, and the quotient algebra A/ J with the quotient topology is also degreewise 
complete (Theorem A. 1.1). 
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